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ABSTRACT. We prove Yau’s conjecture A1 = 2 for the stacked Clifford tori of Wiygul: for
all integers N > 2, k,¢ > 1 and every sufficiently large m, every closed embedded minimal
surface arising from Wiygul’s construction, of genus k¢m?(NN —1)+1 in the round three-sphere
and resembling N parallel copies of the Clifford torus joined by small catenoidal tunnels, has
first Laplace eigenvalue 2. For N > 3 these surfaces are chains rather than doublings, and
the even—odd decomposition on which all previous verifications for gluing constructions rest
is not available. The reflection lemma of Choe and Soret reduces the problem to the sector of
functions invariant under the symmetry group of the construction, and we show that the lowest
nonzero eigenvalue of that sector equals 4 + O(m™"'). The value 4 is the outcome of an exact
identity in the limiting weighted graph model: the limiting waist ratios of the construction
form the Perron vector of the adjacency operator of the line graph of a path, so that the
spectral gap of the path cancels against the total conductance of the tunnels prescribed by
the balancing conditions, and what survives is the coefficient of the Jacobi operator of the
Clifford torus. The analytic input consists of a conformally invariant channel inequality on
a cylinder and of a Poincaré inequality on a periodically perforated torus. The properties of
the construction on which the argument rests are isolated in a reduction theorem for closed
surfaces decomposed into blocks joined by families of thin channels along the edges of a finite
graph, subject to a symmetry assumption and to Poincaré and trace inequalities on the blocks.
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1. INTRODUCTION

1.1. Yau’s conjecture. Let X" be a closed minimal hypersurface of the round unit sphere
S R™2 and let 0 = \g(X) < M(X) < X2(X) < --- be the spectrum of its Laplace-
Beltrami operator. By a theorem of Takahashi [23] the restrictions to ¥ of the coordinate
functions x1, ..., Tp1o of R™T? satisfy

Asxz; +nx; =0, (1.1)

so that each z;|y, has vanishing mean and is admissible in the variational characterisation of
A1; hence A\1(X) < n. In his problem list Yau [27, Problem 100] asked whether equality holds
for embedded hypersurfaces.

Yau’s Conjecture. If ¥" is a closed embedded minimal hypersurface of S"*!, then A\;(X) = n.

To our knowledge the conjecture is open in every dimension n > 2. An affirmative answer
implies genus-dependent area bounds for embedded minimal surfaces of S? [26] and, through
the theorem of Montiel and Ros on minimal immersions by first eigenfunctions [21], Lawson’s
conjecture that the Clifford torus is the only embedded minimal torus of S, proved by Brendle
[3]. Two kinds of partial results are known. Choi and Wang [6] proved the universal bound
A1 > n/2 by Reilly’s formula on the two components of S**1\ ¥, and quantitative refinements
were obtained in [8, 10]; the resulting universal lower bounds remain strictly below n. In the
other direction, equality has been established on explicit families: Tang and Yan [24] for all
minimal isoparametric hypersurfaces, Choe and Soret [5] for the surfaces of Lawson [20] and of
Karcher, Pinkall and Sterling [17], and Kapouleas and McGrath [13] for the doublings of the
equatorial two-sphere constructible by the linearised doubling theorem of [12], which develops
[11], and for the doublings of the Clifford torus constructed in [13].
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1.2. Doublings and chains. All verifications for gluing constructions concern doublings: two
nearly parallel copies of a base surface joined by small catenoidal tunnels. There, exactly or
after a small perturbation of the metric, an involutive isometry exchanges the two copies, and
each eigenspace splits into an even part, controlled by comparison with the base surface, and
an odd part, controlled by the tunnels. This dichotomy is the backbone of [13].

For N > 3 copies arranged in a chain there is no involution whose orbits are the copies and
no such dichotomy. The functions which are constant on each copy form an N-dimensional
space, and their Rayleigh quotients are governed by the combinatorial Laplacian L(Py) of the
path graph on N vertices, whose spectral gap 2(1—cos(7/N)) decays like 72N 2. If the tunnels
joining consecutive copies had a conductance independent of IV, the lowest such quotient would
tend to zero and long chains would violate Yau’s conjecture. That this does not happen, and
why, is the content of this paper.

1.3. Stacked Clifford tori. Wiygul [25], extending the doubling construction of Kapouleas
and Yang [16], proved that for all integers N > 2, k,¢ > 1 and every sufficiently large m there is
a closed embedded minimal surface [N, k, £, m] C S? of genus k¢m?(N —1)+1, invariant under
a group Glk, ¢, m] = Dy, X Dy, of isometries, which resembles N nested small perturbations
of a fixed Clifford torus T joined by kfm? small catenoidal tunnels between each pair of
neighbouring tori, the tunnels of consecutive layers sitting over two interlaced rectangular
lattices; as m — oo the surfaces converge to T with multiplicity N. The surface is obtained
as a normal graph over an explicit initial surface, and every quantity of the construction
which enters the present argument (lattices, gluing radius, waist radii, balancing conditions,
conformal lengths of the tunnels) is explicit. In Section 3 we reproduce these data and we
isolate the single property of the final surface which is used, namely that its induced metric is
uniformly close to that of the initial surface; we verify from the final estimate of [25] that the
surfaces constructed there have this property. A closed embedded minimal surface with these
features is called a stacked Clifford torus of type (N, k,¢,m) (Definition 3.5); all the surfaces
of [25] are of this kind (Corollary 3.8).

1.4. Results. Throughout, G = G[k, ¢, m] is the symmetry group of the construction, and the
G-invariant sector of the Laplacian of ¥ is its restriction to G-invariant functions.

Theorem A. Let N > 2 and k,¢ > 1 be integers. There exists mo = mg[V, k, £] such that for
every m > my every stacked Clifford torus ¥ of type (IV, k, ¢, m) satisfies

)\1(2) = 27

and the smallest nonzero eigenvalue of the G-invariant sector of the Laplacian of ¥ equals
4 4+ O(m™1'), the constant in the error term depending on N, k and £. In particular, after
enlarging my if necessary, Yau’s conjecture holds for every surface constructed in [25] with
m > mg.

The range N > 3 is the substance of Theorem A. For N = 2 the surfaces are doublings; the
Clifford torus doublings of [13] are treated there by the even-odd method, and we make no
claim of priority in the case N = 2.

The threshold mg is neither effective, since it must exceed the non-explicit threshold of
[25, Theorem 6.50], nor uniform in N. The conformal half-length a; of the tunnels satisfies
a; = %(1 — cos & )m? + On (1) as m — oo (Proposition 5.4 and Remark 5.5), and the
coefficient of m? is asymptotic to k¢m/(8N?) as N — oo; this formally suggests the joint long-
neck scale Vk{m/N — oo, but no two-parameter estimate uniform in N and m is claimed.
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The limiting graph value 4 is independent of /N, and this is exactly what excludes the collapse
of the spectral gap described in Section 1.2.

The linearised balancing conditions of the construction determine the numbers b; defined in
[25, (3.14)], which are the waist-radius ratios for the unperturbed parameters ¢ = 0, together
with the constant by which enters the exponent of the waist radii; as m — oo they converge to
limiting values b;[N] determined by a tridiagonal system (Section 3). Write L(Py) and A(Py)
for the combinatorial Laplacian and the adjacency operator of the path graph on N vertices,
D for an oriented incidence matrix of Py, and A1 (L(Py)) for the spectral gap.

Theorem B. Let N > 2.
(i) The limiting waist ratios are

_ sin(in/N)

bilN| = ———, 1<i<N-1,
V] sin(m/N) !

so that the balancing constant is ba[N] = 2 cos(7/N), the largest eigenvalue of A(Pn_1),
and Al(L(PN)) =2— bQ[N]

(ii) For every stacked Clifford torus of type (IV, k, £, m) the total conductance of the tunnels
joining two adjacent tori is

_ 872
2 by[N]

Cn

Ci on?

(14+0(m™?)) =: Cn (14 O(m™?)), M (L(Py)) = 4,

and the lowest Rayleigh quotient of the weighted path graph model of the invariant
sector (Definition 6.7) equals 4 + O(m~2); the constants in the error terms depend on
N, k and /.

(iii) As N — oo, A (L(Py)) = 72N"2+ O(N~*) and Cy = 8N? + O(1).

The cancellation in (ii) is exact and uses no closed form: it rests on the incidence identity
L(Py) = DDT, DTD = 2I — A(Px_1), which identifies the nonzero spectrum of L(Py) with
2 — spec A(Pyn_1), and on the observation that the vector of limiting waist ratios is a positive
eigenvector of A(Py_1) with eigenvalue ba[N], hence the Perron vector. The constant 4 that
survives is the coefficient of the Jacobi operator

Jr = At + |A]? + Ric(v,v) = Ar + 4 (1.2)

of the Clifford torus, which enters the construction through the linearisation producing the
balancing conditions. In Section 8 we prove that among trees the identity Ai(L(T)) =
2 — Amax(A(Line(T"))) characterises paths (Proposition 8.2); the mechanism is therefore in-
trinsically one-dimensional.

1.5. An abstract reduction. The proof of Theorem A uses only a short list of properties of
the surfaces X, and it is convenient to isolate them. Suppose a closed surface is cut into blocks
indexed by the vertices of a finite connected graph G = (V, E) and channels indexed by its
edges, each edge e carrying M, channels conformally modelled on a flat cylinder [—ae, ac] x St
whose conformal factor decays exponentially away from the ends, where it is of size r.; suppose
a finite group G of isometries preserves each block, permutes the channels of each edge and acts
on their coordinates by (t,6) — (t, =20+ 6y); and suppose a Poincaré inequality with constant P
and an aggregate trace inequality with constant K hold on each block for G-invariant functions.
This is Definition 6.9. Let A, be the area of the v-th block, 9, := Zeav Mem‘g the area which

the channels have removed from it, gv = Ay + Oy, and C, := M.7/a. the total conductance
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of the e-th family; let ,u(g, C) be the lowest Rayleigh quotient of the graph G with these vertex
and edge weights (Definition 6.7), and set

= ::a+n+P+ZM€1/2r§+ZMe‘V2,
ecl ecE

where € measures the conformal distortion of the channels and 7 the deviation of the area of

a half-channel from 772,

Theorem C. There are constants C* > 0 and =y > 0, depending only on |V|, |E|, on two-sided
bounds for the A,, on an upper bound for the C, and on K, such that if Z < = then

j min{R(u) cue HY(D)9\ {0}, fuu= o} ~ (A, 0) ] < C*E.

If in addition ¥ C S? is a closed embedded minimal surface, G < O(4) is generated by reflections
in great spheres, and p(A,C) > 2+ C*E, then A\ () = 2.

Theorem A is the case where G is the path Py, the blocks are the tori, the channels are
the tunnels, and = = O(m™!); the verification is Proposition 6.12. We stress the limits of this
statement. Theorem C is a reduction, not an existence result: it converts the spectral problem
into the computation of u(A, C), and it says nothing about which weights occur. Both inputs
which make the computation succeed here, namely the exponential decay of the conformal
factor along a catenoidal neck and the balancing conditions which fix the r., must be supplied
by the construction at hand, and verifying the hypotheses for another family requires work of
the kind carried out in Sections 3 and 6. Doublings and stackings of the equatorial two-sphere,
and stackings of the equatorial disc in the free boundary setting, seem natural candidates; we
make no claim about them here.

The reduction of chambers joined by thin necks to a weighted discrete graph is classical
[9, 2, 1]. What is specific here is that the reduction is carried out in a symmetry sector, in
which the blocks are spectrally rigid and collapse to single vertices; we give a self-contained
quantitative version with an explicit defect and hypotheses checkable on gluing constructions.

1.6. Method. By Takahashi’s theorem A\ (X) < 2. If A{(X) < 2, the reflection lemma of Choe
and Soret [5], in a formulation which uses only minimality, Takahashi’s theorem and Courant’s
nodal domain theorem (Lemma 2.2), shows that every first eigenfunction is invariant under
the group G, which is generated by reflections in great spheres. It therefore suffices to bound
the Rayleigh quotient from below on the G-invariant sector. On each torus the G-invariant
functions have Fourier support in a lattice of frequencies of order m, so a G-invariant function
is, up to an error controlled by its Dirichlet energy, constant on each torus; the Dirichlet energy
of such a function is bounded from below by the energy of the interpolating mode in the tunnels,
and the latter is controlled by a sharp channel inequality. The resulting lower bound is the
lowest Rayleigh quotient p of a weighted path graph whose weights are the areas of the tori
and the conductances of the tunnel families, and Theorem B evaluates = 4 + O(m~2). Two
elementary inequalities carry the analysis: the channel inequality on a cylinder (Lemma 5.1),
which is conformally invariant and imposes no condition on the boundary data, so that it
applies to the restriction of an arbitrary function to a tunnel; and a Poincaré inequality on
the periodically perforated torus (Lemma 6.3), available with a constant independent of m
because the ratio of the gluing radius to the lattice spacing is fixed in [25]. We use neither
capacity theory nor spectral convergence on graph-like spaces, and we work on the minimal
surface itself.
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1.7. What is used from the construction. Numbered references to [25] follow the published
version. From that paper we use: the definition of the initial surfaces [25, (2.1)—(2.9), (2.26)—
(2.30)]; the definition of the waist radii and the balancing conditions [25, (2.12)—(2.18), (3.11)-
(3.17)] together with the existence statement [25, Lemma 3.18] and the bounds [25, (3.6)] on
the heights; the parametrisation [25, (4.22)—(4.25)] of the catenoidal regions; the statement
[25, (4.4)] that G acts on normal perturbations without sign; the conformal factor p of [25,
(4.9)—(4.15), (4.27)], the weighted Holder norms of [25, (4.6)] and the decay norms of the
paragraph “Decay norms and a global estimate of the mean curvature” of [25, §4], whose
exponents o,y € (0,1) are fixed once and for all in the hypotheses of [25, Theorem 6.50];
and the main theorem [25, Theorem 1.1, Lemma 4.42, Theorem 6.50, (6.61)], which produces
the minimal surface as the normal graph over the initial surface of a function u satisfying
|u]|2,0,y < 2C171. In Section 3.7 we show that this estimate implies property (W) of Definition
3.5, the only property of the final surface used afterwards; the derivation uses of the weight
only the positivity of its exponent 7, and of p only the two-sided bound m < p < C7 L
All estimates on the initial surface which we need are derived in Section 3 from the explicit
formulas.

1.8. Organisation. Section 2 collects Takahashi’s theorem and the reflection lemma. Section
3 records the data of the construction, defines the class of surfaces and shows that the surfaces
of [25] belong to it. Section 4 proves Theorem B(i). Section 5 proves the channel inequality
and evaluates the conductances. Section 6 establishes the Poincaré, trace and mass estimates,
proves the abstract reduction theorem (Theorem C, restated as Theorem 6.11) and applies it
to the invariant sector. Section 7 proves Theorems A and B. Section 8 discusses the structure
of the identity, analyses the balancing operator of a tree, characterises paths among trees, and
states two problems.

Convention 1.1. All surfaces are smooth, closed, embedded and connected. The Laplacian
is A = div V, so that Ay + A¢p = 0 for an eigenfunction with eigenvalue A > 0. We write ||
for the area of a two-dimensional region, and

u2
:fzf‘;ﬁ’, Al(Z):min{R(u):ueHl(Z)\{O}, fzu:0}.

R(u)
Unless stated otherwise, constants denoted C, C’, ¢, K, ... depend only on N, k and ¢ and may
change from line to line; O(m~!) and O(m~2) are understood with such constants, uniformly
for m > my[N, k, ], and mg may be enlarged finitely many times. No uniformity in N is
claimed for the constants or for mg; see Remark 5.5.

2. PRELIMINARIES

Lemma 2.1 (Takahashi [23]). Let ¥ C S? be a closed minimal surface. For every linear
function & on R* the restriction {|y satisfies Axé + 26 = 0 and f2£ = 0. Consequently
A(X) <2.

Proof. The equation is (1.1) with n = 2; integrating it over the closed surface gives fzﬁ = 0.
Since &|y; # 0 for a suitable &, the variational characterisation gives A\; < 2.

The following lemma is the first half of the argument of Choe and Soret [5]. We include
a proof because its hypotheses matter: it uses minimality only through Takahashi’s theorem,
together with Courant’s nodal domain theorem, and nothing else; in particular it is independent
of any combinatorial hypothesis on a fundamental domain.
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Lemma 2.2 (Reflection lemma). Let ¥ C S* be a closed embedded minimal surface invariant
under a finite group G < O(4) generated by reflections in great spheres. If A\1(X) < 2, then
every first eigenfunction of ¥ is G-invariant.

Proof. Assume A\ := A\ (X) < 2, let u be a real first eigenfunction, let o € G be the reflection
in a great sphere II, and set ¢ := u — w o ¢. Since o restricts to an isometry of X, uoo is a
A1-eigenfunction, so either ¥ = 0 or v is a Aj-eigenfunction; we assume the latter and derive
a contradiction. Note that ¢ o o0 = —1) and that ¥ = 0 on ¥ N1I, because o fixes II pointwise.

By Courant’s nodal domain theorem [7, Ch. VI, §6] a Aj-eigenfunction has at most two
nodal domains. Since [i,¢) = 0 and ¢ # 0, the open sets Q4 := {¢p > 0} and Q_ := {¢» < 0}
are both nonempty; hence each of them is a single nodal domain, and in particular each of
them is connected. Since ¥ o 0 = —1), the reflection ¢ maps €24 onto _.

Let & be a linear function on R?* vanishing exactly on the hyperplane spanned by II, so
that £ oo = =&, and let Dy := ¥ N {£& > 0}. These are disjoint open subsets of ¥ with
D,uUD_ =¥\II, and (D) = D_. Since ¢ = 0 on XNII, the connected set 2 is contained in
Y\II = Dy UD_, hence in one of the two sets D ; replacing u by —u, which replaces ¢ by —1
and interchanges Q4 and Q_, we may assume Q. C Dy. Then Q_ =0(Q4) C o(D4) = D_.
Consequently ¢ > 0 on Dy, because {1p < 0} = Q_ C D_; likewise 1) <0 on D_; and ¢y =0
on XNII. Since € >0 on Dy, £ <0on D_ and £ = 0 on II, we conclude that ¥ ¢ > 0 on X
and 1 £ > 0 on the nonempty open set {2 ; hence fz »E& > 0.

On the other hand, by Lemma 2.1, A + 2 = 0 on X, while Ay 4+ A9 = 0, so that Green’s
formula on the closed surface ¥ gives

(2—A1)/Ew§=/z(§Aw—wAs) —o,

and fzz/Jf = 0 because A1 # 2: a contradiction. Therefore ¢y = 0, that is u o o = u for
every reflection o € G in a great sphere, and w is G-invariant since G is generated by such
reflections. O

Remark 2.3. In [5] the nodal domains of ¢ are identified with the two components of ¥ \ II
furnished by the two-piece property of Ros [22], and the contradiction is derived on one of them.
The orthogonality argument above makes this identification unnecessary: it uses neither the
two-piece property nor embeddedness, and it applies verbatim to a closed minimal surface
immersed in S? on which a reflection of S* induces an isometry. We shall use the lemma only
for embedded surfaces, which is the setting of Yau’s conjecture.

3. THE SURFACES OF WIYGUL

In this section all numbered references are to the published version of [25].

3.1. The Clifford torus and flat coordinates. Realise S® = {(21,22) € C? : |21|? + |22|? =
1}, let T = {|21| = |22| = 1/v/2} be the Clifford torus, and let C; = {29 = 0} and Cy = {21 = 0}
be its axes. The map [25, (2.2)]

Dlsy.z) = (Vsin(e + ), Mooz 4 7)), (ym) ERxRx (-T.5). (31)
is a covering of S\ (C; U Cs), and [25, (2.3)]
*gss = dx* + dy* + dz* + sin(2z) (dx* — dy?). (3.2)

The horizontal planes {z = const} are mapped onto the tori T, parallel to T = T, on which the
induced metric is (1+sin 2z)dx? + (1 —sin 2z)dy? with area element cos(2z) dx dy. In particular
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®(-,-,0) descends to an isometry of the flat torus

= R?/(V2rZ)?
onto T, so that

IT| = 272, (3.3)
and the eigenvalues of the Laplacian of T are 2(p?+¢?), p, ¢ € Z, with eigenfunctions eiV2px+ay),

The principal curvatures of T are 1, so |A|?> = 2, and Ric = 2¢ on S?; the Jacobi operator of
Tis Jr = Ar+4 as in (1.2). A parallel torus is one of the tori T,.

3.2. The symmetry group. Fix integers k,¢,m > 1 and set
1

s T
- Y= R=—,
V2 Ekm V2 0m 104m

Following [25, (2.10)] we assume k < ¢; this is no loss of generality, since interchanging the
axes C1,Co interchanges k and 0. Let X(z1,22) = (21, 22) and Y(z1,22) = (z1,%2), and let
Rec2 (21,22) = (e“gzl, 22), Recl(zl, z9) = (z1,€ #2). The symmetry group of the construction is

[25, (2.26)]

M = kfm?. (3.4)

G =Gk, £.m] == (RE/™™, RG/™, X, Y) & Dy X D, (3.5)
where D, is the dihedral group of order 2q. Through ® [25, (2.25)], G acts on the coordinates
(x,y,2) by the group generated by the translations (x,y) — (x + 2X,y), (x,y) — (x,y +2Y)
and the reflections x — —x, y — —y, the coordinate z being fixed. In particular every element
of G preserves each parallel torus and each of its two sides.

Lemma 3.1. G[k, ¢, m] is generated by reflections in great spheres of S.

Proof. Each of X, Y fixes pointwise a three-dimensional linear subspace of R* and reverses its
orthogonal complement, hence is the reflection in a great sphere; so is every conjugate RX R™!
by a rotation R about C; or Cs. For 6 € R one computes R%ZXRfe(zl, 29) = (e*71, z3), that

is R%, XR? = R%X. Hence the reflection RY""XR;™*™ = RZ/*™X belongs to G, although

Rgé Fm Stself does not, and together with X it generates the dihedral factor Dy,,, the product

X - RE/¥"X being Re.™/*™. Similarly for Dp. O

3.3. Lattices, cells and the gluing radius. Let Ly C Tq be the image of 2X7Z x 2YZ and
L; == Lo + (X,Y) [25, (2.27)]; both are G-invariant rectangular lattices of cell size 2X x 2Y,
each with M = k¢m? points, and Lo U L; is a lattice with 2M points. The tunnels of the i-th
layer, joining the i-th and (i + 1)-st tori, sit over L(; ;1) moa 2 [25, §1, (2.29)]. Accordingly the
set of removal points of the j-th torus is

Z1 = Lo, ZN = LN mod 2, Zj =LoULy (1 <7< N), (36)
with M; := #Z; equal to M for j € {1, N} and to 2M otherwise, and the perforated tori are
P:=Ta\ |J B R). (3.7)

pEZj

Since k < ¢, any two distinct points of LoUL; are at distance at least min{2Y, VX2 + Y2} > Y,

and
T 2.2 R 1 1

= > — > 4R, = <

V24m ~ Im 2Y  10V2n 44

The ratio of the gluing radius R to the lattice spacing is thus a constant independent of m;
this is what makes the constants of Section 6 independent of m.

(3.8)
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3.4. Waist radii and balancing conditions. Let n := |[N/2]. For N = 2 and N = 3 set
by := 0 and by := 1 respectively [25, (2.12)]. For N > 4 the numbers bo, ..., b, are a solution
of the tridiagonal system [25, (3.17)]

by bbb = — o binb, 2<i<n— 1,
s ’
_ o(N+1) mod 2 _ ___°"
2 buot + (ba = (N mod 2))by = = by Inby,

with b; := 1; in all cases we extend the family by b; := by_; for n < ¢ < N — 1, so that
by = by_1 = 1. We call limiting system the system (3.9) with the right-hand sides replaced by
0. From [25, Lemma 3.18 and its proof| we use the following facts.

(B1) For N > 4 the limiting system has a solution d = (d2[N],...,d,[N]) with dy € (1,2)
and, when n > 3, do < d3 < --- < d,. For N > 6 the differential at d of the
map Fy : z — An(z2)z of [25, (3.28)], in terms of which the limiting system reads
Fn(z) = e [25, (3.21)], is invertible [25, (3.29)—(3.31)].

(B2) For m > mg[N] the numbers b; = b;[N, k, ¢, m] are the solution of (3.9) near d furnished
by the inverse function theorem, and b; — d;[N] as m — oo.

The waist radii are defined by [25, (2.13)—(2.14)]: with parameters ¢ = ({1,...,({y—1) bounded
by a constant ¢[N, k, ¢] independent of m,

eS1 kfm? by ,
= — _ 2 oG/ (km?) ;
T 10im eXp( Ar (1 5 )) Ti=e b (1<i<N), (3.10)
so that [25, (2.18)]
1 k€m2 b2 CZ
1 - 1—==) =G =1 =0n)(Inb; + 7= ). 11
. 10émT; 4 ( 2 > G 1)( nb; + kng) (3.11)

The factors 4m and 87 arise from the linearisation of the minimal surface equation about T,
that is from the Jacobi operator (1.2): in the force computation [25, (3.5)—(3.7)] the mean
curvature 2 tan 2z =~ 4z of the parallel torus T, is integrated over a cell of area 272 /(kfm?) and
balanced against the flux 277 of a catenoidal neck, and 872 = 4 - |T|. The heights of the tori
and of the necks satisfy [25, (3.6)]

max |z;| + max |25 | < C'm?r. (3.12)
j i
In particular, since by < 2—1/C by [25, (2.12)], 71 decays like exp(—em?) with ¢ = ¢[N, k, £] > 0,

and mir; — 0 for every fixed ¢; moreover, since b; — d;[N] > 0 by (B2) and || < ¢, all the
ratios 7; /7 lie in a compact subset of (0, 00) depending only on N, for m > my.

3.5. Catenoidal regions of the initial surface. Let K, := [~a,a] x S! with coordinates
(t,0), 0 € R/27Z, and flat metric ¥ := dt? + df?. For 1 <i < N — 1 let [25, (4.24)]

a; := arcosh so that T; cosha; = R, (3.13)

106mr;’
and, by (3.11) and arcoshz =Inz + In(1 + V1 — 272),

_ ktm? b i \/ﬁ
ai =~ (1 - 5) —a-(1- (5i1)(lnbz- n k€m2> +In(14 (/1 - 1002m272).  (3.14)

The i-th catenoidal region of the initial surface is the image of the map [25, (4.23), (4.25)]

ki Kq, — S3, ki(t,0) = <I>(X¢ + 7; cosh t cos 0, y; + 7; coshtsin 6, ZZK + Tit), (3.15)
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where (x;,y;) = ((1 —1)X, (i —1)Y) is a point of L(; ;1) mod 2; the other tunnels of the i-th layer
are the images of k; under G, and they are pairwise disjoint. The end circles of a tunnel are
the images of {t = £a;}; their projections to the (x,y)-plane are the circles of radius R about
the removal point, and the coordinate 6 is the polar angle about that point.

Lemma 3.2. Let ¢° be the metric induced on the initial surface. Then
rig? = 72 cosh?t (5{ + sin (225 + 27;t) B),
B := tanh? ¢ cos 20 dt> — 2 tanh ¢ sin 26 dt df — cos 26 d6?,
and consequently, for m > mg,
(1 —Cm?m)ticosh?ty < kig® < (1+Cm?n) 77 cosh?ty on K, . (3.16)

Proof. Write k; = ® o &; with #;(t,0) = (x,y:,2X) + 7i(cosht cos @, coshtsin 6,¢). Then dx =
Ti(sinht cos @ dt — coshtsinfdf), dy = 7;(sinh¢sinfdt 4+ coshtcosfdf), dz = 7;dt, so that
dx? + dy? + dz* = 77 cosh?tx and dx? — dy? = 72 cosh?tB; the formula follows from (3.2)
with z = ZZ-K + 7;t. The symmetric matrix of B with respect to X has entries bounded by 1 in
absolute value, so |B(v,v)| < 2X(v,v). Finally |zX + 7;t| < |25| + 1ia; < Cm?m by (3.12) and

(3.14), and |sins| < |s|. O

3.6. Toral regions of the initial surface. The initial surface ¥° = XO[N, k, £,m,(, €] is
defined in [25, (2.29)—(2.30)] as the G-orbit of N pieces 1,...,Qn, the j-th of which is the
image under ® of the graph, over a cell of the plane {z = z;} with one or two discs removed,
of the function ¢ of [25, (2.6), (2.9)]. Explicitly, in polar coordinates r about a removal point
p of the j-th torus, with 7 the waist radius and z* the height of the neck at p,

¢ = 25 + (2; — 2% ) Y[R, 2R (r) + sgn(z; — 2) 7 arcosh ; Y[2R,R)(r)  (r <r <2R), (3.17)

and ¢ = z; at distance at least 2R from all removal points, where va,b] is a fixed smooth
monotone cut-off equal to 0 at a and to 1 at b [25, (2.4)]; for » < R the function ¢ is the
exact catenoid, and this part is the catenoidal region of the previous subsection. We define the
initial toral region T°[j] to be the part of the j-th torus of X° lying over P;, that is the graph

of ¢j 1= ¢|p;.
Lemma 3.3. For m > my,
sup |¢; — z;| < Cm?m, sup |[Vo¢;| < Cm?r, sup [V2¢;| < Cmr,
i Pj Pj
and consequently, under the projection m; : T°[j] — P, (x,¥,%;) — (X,¥),
(1 — Cm?n) (dx* +dy?) < (71';1)*90 < (14 Cm?m) (dx* + dy?). (3.18)

The map m; is G-equivariant for the actions of G on Y0 and on Ty, and it maps each end circle
of a tunnel adjoining T°[j] onto the circle 0B(p, R) about the corresponding removal point, the
tunnel coordinate 6 corresponding to the polar angle.

Proof. On the annulus R < r < 2R about a removal point, (3.17) gives |¢p — z;| < |z; —
z%| + Tarcosh(2R/7). By [25, (2.17)] and (3.12), |z; — 25| < Cm?7, and Tarcosh(2R/7) <
TIn(4R/7) < Cm?m by (3.11). Put f(r) := Tarcosh(r/7); for r > R > 27 one has |f| <
Cm?r, |f'| = 7/vVr2 =712 < 27/R and |f"| = 7r/(r*> — 72)3/2 < 27/R?, while the cut-offs
satisfy |¢'| < C/R and [¢"| < C/R?%. Since R~ = 10¢m and 7 < Cry, the first derivatives of
(3.17) are bounded by Cm?r - Cm + 27/R < Cm31y, and the second derivatives, the Hessian



YAU’S CONJECTURE FOR STACKED CLIFFORD TORI 11

of a radial function h(r) being bounded by |h"| + |I/|/r, by Cm?*m/R? + C7/R* < Cm*ry.
Elsewhere on P}, ¢; = z;. The induced metric of the graph is, by (3.2),

(1 + sin2¢;) dx? + (1 — sin 2¢,) dy? + (Oxpj dx + Oy b dy)?,
which differs from dx? +dy? by a form bounded by (2]¢;|+|V¢;[?)(dx* +dy?) < Cm?7 (dx® +
dy?). Equivariance holds because XV is the G-orbit of |J ; 2; and G acts through ® by the

affine isometries listed after (3.5). The statement about the end circles follows from (3.15) at
t = =+a;, where 7, cosha; = R. O

Lemma 3.4 (Second fundamental form of the initial surface). Let A° be the second funda-
mental form of X9 and |A°| its norm with respect to g°. For m > my,
|1A°| < C onT°j] (1<j<N), 1A% ok; < C1tsecht onK, (1<i<N-1).

Proof. Let U := R? x (—7/8,7/8) and h := ®*gss|y = gg + sin(2z)(dx?® — dy?), where gg
is the Euclidean metric. Since |sin2z| < sin(r/4) < 3/4 on U, we have 1gp < h < 2gp,

and the Christoffel symbols of A in the coordinates (x,y,z), namely I';, = Iy, = — cos 2z,
%, =I5 = cos2z/(1 + sin2z), IY, = Iy = —cos2z/(1 — sin2z) and zero otherwise, are

bounded by 4. By (3.12), X0 lies in ®(U) for m > mg, and ® is a local isometry of (U, h) onto
its image.

Let F' : S — U be an immersion of a surface, with unit normals vg and vy, and second
fundamental forms Ap and Aj, relative to gp and to h. For tangent vectors V, W, A, (V,W) =
h(yh, OvowF +T(OyF, 0w F )), where I'(-, -) denotes the bilinear expression in the Christoffel
symbols of h. By the Gauss formula in Euclidean space, Oy ow F = dF(Vy W) + Ag(V,W)vg
with V the Levi-Civita connection of F*gp, and vy, is h-orthogonal to dF(T'S); hence

Ap(V,W) = Ag(V,W) h(v, vi) + h(vn, T(Ov F, dw F)).

Here |h(vp,vE)| < |veln < V2 and |h(v, T(X,Y))| < V2|T(X,Y)|g < C|X|g|Y|E, which is
at most C|X|,|Y |p. Since F*gp and F*h are comparable, |Ay|p+p, < C(|Ag|p+g, + 1) with an
absolute constant C.

On T°[j] take F(x,y) = (x,y,¢j(x,y)): the induced Euclidean metric is > dx? 4+ dy* and
Ap = V?¢;/\/1+|V;|? in the coordinate frame, so |Ag| < |[V?¢;| < Cm?ty <1 by Lemma
3.3. On the i-th catenoidal region take F' = K;, the Euclidean catenoid of waist radius 7;,
whose principal curvatures are :|:TZ-_1 sech? ¢, so |Ag| = V2 Tz»_l sech?t < \/iTZ-_l sech t; since
7'271 secht > T;l secha; = R~ >1 on K,,, the constant 1 is absorbed. O

3.7. The minimal surfaces. The main theorem of [25] produces, for m large, parameters ¢, £
bounded by ¢[N, k, ¢] and a smooth G-invariant function u on X0 = X°[N, k, ¢, m, (, £] whose
normal graph
U(p) = exp, (u(p)’(p)),  peX’, (3.19)
Y being the unit normal of X°, is a closed embedded minimal surface invariant under G [25,
Theorem 1.1, Lemma 4.42, Theorem 6.50]; the action of G on normal perturbations carries
no sign because every element of G preserves each side of X0 [25, (4.4)]. We now record the
precise form of the estimate on u and the three consequences of it which will be used.
Weighted norms. For a function v on X°, a Riemannian metric h on X% and a positive weight
f, the weighted Holder norm of [25, (4.6)] is
v: €20 h, )] = sup f(p)" s C2(Blp. 1.1 W), (3.20)
pe
where Blp,1,h] is the h-ball of radius 1 about p and the norm on the ball is the sum of the
C? norm and of the Holder seminorm of the second derivatives, all measured with h. Let p be
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the G-invariant conformal factor of [25, (4.11)—(4.14)] and let x := p?¢° [25, (4.9)]. The decay
norms of [25, §4], paragraph “Decay norms and a global estimate of the mean curvature”, are
defined there, for o € (0,1) and v € [0, 00), by

[0]l2,00y = [Jv s C**(Z% x,m7p77)|. (3.21)

Since the C?“ norm on the unit x-ball about p dominates |v(p)| + |dv]y (p), (3.20) and (3.21)
give the pointwise bound

[o(p)| + [dvly(p) < m7p(p) 77 vll2ay (P E€XY), (3.22)

and, since y = p?¢" and x ™' = p~2(¢%)~! on covectors,
dv|go = pldv|y on XV (3.23)

The conformal factor. The function p is explicit. By [25, (4.11)—(4.13)] it equals the constant
m at distance at least 2R from all removal points and, in polar coordinates r about a removal
point, m+(r~!—m)¥[2R, R](r) on the transition annulus R < r < 2R, while on the catenoidal
regions [25, (4.27)] pox; = 7, 'secht. Since r~! > (2R)~! = 5¢/m > m on the annulus,

m < p< R =10m on T[j], pok;=1; 'secht onK,,. (3.24)

On K,, one has Ti_l secht > Ti_l secha; = R~' > m by (3.13), and TZ-_I secht < 7'2-_1 < 07'1_1
by the remark after (3.12). Hence, for m > my,

m < p< Ot on X0, C = C|N,k, 1, (3.25)

in agreement with [25, (4.15)].
The final estimate. The function u of [25, Theorem 6.50] satisfies [25, (6.61)]

|ull2,0,y < 2CT1, C1 = C1[N, k, 1], (3.26)

where a,y € (0,1) are the exponents fixed in the hypotheses of [25, Theorem 6.50]; the
linear theory of [25, §5] is available for every such pair. We stress that u is a function on
SOIN, k, £, m, , €] itself, and that the norm in (3.26) is the decay norm (3.21) of that surface:
in the proof of [25, Theorem 6.50] one has u = u; + P~1v, where u; is the first-order solution
of [25, Corollary 5.66] on XO[N,k,¢,m,(,€] and v is a fixed point living on the reference
surface XO[N, k,¢,m,0,0], transported by the explicit G-equivariant diffeomorphism of [25,
(6.42)—(6.44)], whose norm is bounded in [25, Lemma 6.45]; the norm estimate is obtained in
[25, (6.57)] and recorded for the fixed point in [25, (6.61)]. Of (3.26) we shall use only the
pointwise information (3.22) at the level of first derivatives, and of the weight in (3.21) only
the positivity of v; the specific values of « and v play no role (Lemma 3.7). We retain from
all this the following property.

Definition 3.5. Let N > 2, k. > 1 and m > mg[N, k, /], and let X0 = X°[N,k,£,m,(, €]
be an initial surface with |¢], |¢] < ¢[N,k,£]. A closed embedded minimal surface ¥ C S is a
stacked Clifford torus of type (N, k, ¢, m) if it is G[k, £, m]-invariant and there is a G-equivariant
diffeomorphism ¥ : 2% — ¥ such that the induced metrics ¢ of X° and g of ¥ satisfy

(1 — m_z) ¢ < g < (1 + m_2) q° as quadratic forms on T%°. (W)

The verification that the surfaces of [25] have this property rests on two lemmas: a formula
for the metric of a normal graph, and a pointwise bound derived from (3.26).

Lemma 3.6 (Metric of a normal graph). Let M C S? be a closed embedded surface with induced
metric g°, unit normal ¥, second fundamental form A° and shape operator S, g°(SX,Y) =
AY(X,Y), and let w € C°(M). The map ¥(p) := exp,(u(p)v°(p)) satisfies

U*g = cos® u g° —sin(2u) A° + sin®u ¢%(S-, S-) + du ® du, (3.27)
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g being the round metric. Let ||S|| denote the operator norm of S with respect to ¢° and put
s = |u| + [u] [|S]| + |du|,0. At every point where s <1,

(1-5s)¢" < T*g < (1+5s)g° as quadratic forms.

Proof. Regard S? C R*, write p for the position vector and v%(p) € TpS3 for the unit normal.
The geodesics of S being 7+ cos T p + sin 7 v, we have ¥(p) = cosu(p) p + sinu(p) °(p). For
X € T,M, differentiating (+°,p) = 0 and (1°,1°) = 1 gives (Dx1¥,p) = —(1°, X) = 0 and
(Dx19,19) =0, s0o Dx1° € T,M, and (Dx1°Y) = —(1°, DxY) = —A%X,Y) for Y € T,M:
thus Dx1? = —SX. Hence

d¥(X) =cosuX —sinuSX + du(X)e, e:=—sinup + cosur?,

and e is a unit vector orthogonal to T, M. Expanding |[d¥(X)|? gives (3.27). Using 1 —cos? u <
u?, |sin 2u| < 2|u| and sin? u < u?, (3.27) gives, for every X,

|0 g(X, X)—g°(X, X)| < (u®+2[ul [|S]+u?(|S]P+[dulZ) ¢°(X, X) <5s¢g%(X, X)  ifs <1,

since then u? < |u| < s, 2Jul [|S]| < 2s, u?||S|> < s? < s and |du|§0 <s2<s. O

Lemma 3.7 (Pointwise smallness from the weighted estimate). Let X° = XO[N &, £, m,(, €]
with (|, €| < ¢[N, k,£] and m > mqg, and let u be a smooth function on X° satisfying

Hu c O (EO,X,m7p_7)|’ < Kn
for some o € (0,1), v > 0 and K > 0. Then, with s as in Lemma 3.6 for M = X0,

sups < CKmTlmin{%l}, C = C[N,k, 1.

>0
Proof. Let p € ¥° and f := m7p~7. By (3.22) and (3.23), |u(p)| < f(p)Km1 and |dul,(p) <
p(p)f(p) K. By Lemma 3.4 and (3.24), ||S|| < |A°| < C4 p on all of 3° with C4 = C4[N, k, ]:
on the toral regions \AOI < C < Cp because p > m > 1, and on the catenoidal regions
|A% < O1; 'secht = Cp. Hence, using p > 1,

s(p) < (14 Cap(p) + p(p)) f (D) K71 < 2+ Ca) p(p) f(p) K71, pf =mp' 7.

If v > 1, then p' =7 < m!'~7 by the lower bound in (3.25), so pf < m and s(p) < (2+C4)KmTy.
If0 <~ < 1, then p'=7 < C'=777~" by the upper bound in (3.25), so pf 71 < Cm¥m] < Cm7]
and s(p) < (24 C4)CKm7{. In both cases s(p) < C’KmTlmm{%l}. O

Corollary 3.8 (The surfaces of [25] are stacked Clifford tori). Let ¥ be the normal graph
(3.19) over X° = XOIN, k., ,m,(, €], [C|,1€] < c[N,k, €], of the smooth G-invariant function
u produced by [25, Theorem 6.50], which satisfies (3.26). Then, for m > mo[N,k, (], ¥ is a
stacked Clifford torus of type (N, k,€,m), with U as in (3.19).

Proof. The estimate. By Lemma 3.7 with K = 2C1, supyo s < CmT;mn{%l}. By (3.10) and
the remark after (3.12), 71 < exp(—cm?) with ¢ = ¢[N,k,¢] > 0 for m > my, so 5sups <
5Cmexp(—cmin{y, 1}m?) < m~? after enlarging mg. In particular s < 1 everywhere, and
Lemma 3.6 gives (W).

Equivariance and bijectivity. For g € G the function w is invariant and, by [25, (4.4)], g
preserves each side of X0, that is g.2°(p) = 1°(gp); as g is linear on R*, W(gp) = cos u(p) gp +
sinu(p) g¥(p) = g¥(p). By (W), ¥ is an immersion of the closed surface X°. The map ¥ is
the normal deformation ¢[u] of [25, (5.1)], and the last paragraph of the proof of [25, Theorem
6.50] shows that ¢[u] is an embedding for m > myg: the decay of u toward the waists built into
(3.21) keeps |u| below a small multiple of 71 on the catenoidal cores, hence below the normal
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injectivity radius of X9 there. Thus W is injective, and it is a diffeomorphism onto its image,
the embedded surface X. Finally ¥ is closed, embedded, minimal and G-invariant by the same
theorem. 0

Remark 3.9. Whether the fixed point of [25, Theorem 6.50] is unique plays no role: Theorem
A applies to every surface with the property of Definition 3.5, and Corollary 3.8 applies to
every fixed point. The bound (3.26) is far stronger than needed: the metric distortion it
produces is of order mr;" m{w’l}, whereas (W) only asks for m 2. Moreover Lemma 3.7 uses of
the weight in (3.21) only the positivity of the exponent v, through the two-sided bound (3.25):
for v = 0 the argument would give no more than s < Cpry, which is of order one on the part
[t| < Inm of each tunnel. The decay of u toward the waists built into (3.21) is what makes
the sharp comparison (W) available on all of ¥, and we use it in that form throughout. (We
expect the leading value 4 of Theorem B to survive a bounded distortion of the metric on a
portion of each tunnel of conformal length O(Inm), since such a portion would contribute only
O(m~21Inm) to the reciprocal of the conductance of a tunnel of conformal length 2a; ~ m?;
we do not pursue this, as (W) is available.)

3.8. Decomposition and comparison. Let 3 be a stacked Clifford torus of type (N, k, ¢, m)
with ¥ as in (W). We transport the decomposition of ¥.° to X:

N N-1 M
s=U7T v UUK?  TUl=wTlh) K7 = (emiKa),  (328)

j=1 i=1 s=1
where g1 = id, g2, ..., g € G carry the removal point (x;,y;) onto the M points of L(;1 1) mod 2-

The pieces have pairwise disjoint interiors and are glued along the end circles FES}[ = U(gski({t =
+a;})). Each tunnel ngs) carries the coordinates (t,6) € K,, through ¥ o g5 o k;, and we write

ICES)’i for its halves {£t > 0}. Each toral region T[j] carries the chart m; o U= : T[j] — P;.
By Lemmas 3.2, 3.3 and (W), for m > mq (so that Cm?m < m~—?),

(1 —em) TP cosh?t X < g < (1 +ep) 72 cosh?t X on K,

L -2
i ) , , , _ = 3m 2 (3.29)
(1 —&m) (dx"+dy*) < g < (1+4&y) (dx*+dy°) on Tj],

All these identifications are G-equivariant, G preserving each 7[j] and permuting the tunnels
of each layer among themselves.

(s)

Convention 3.10. For an end circle I' = I'; | and a function u on X we write

2
avgp u = — u(ta;, 0)do
VgF 27_‘_ 0 ( (2] )
for the mean with respect to the coordinate #; by Lemma 3.3 this is also the mean over
the circle 0B(p, R) of P; with respect to the polar angle. For a region 2 C ¥ we write
avgqu := Q™! [, udA with respect to the area of X.

Lemma 3.11 (Transfer). Let h and b’ be Riemannian metrics on a surface S with (1 —¢e)h <
R <(1+e)h, 0<e< 3. Then for every f € H(S)

1— 1
: / VI dA, < / V2 dAy <~ 5
€Js S

2
= [ 1V d,
(1 - 6) dAh < dAh/ < (1 + 6) dAh,

1+
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and in dimension two the Dirichlet integral [ |V f |,%dAh is invariant under conformal changes
of h. In particular all comparisons in (3.29) affect Dirichlet integrals, L? norms and areas by
factors 1+ O(m=2).

Proof. If B’ < (1 +¢€)h then h'~! > (1 + )7 'h~! on covectors, so |Vf[2, > (1+¢) YV f|?,
while dAp > (1 —e)dAy, from b/ > (1 — €)h; the other inequalities are symmetric. Conformal
invariance in dimension two is the identity |Vf\22hdAp2h = |Vf[2dAp. O

4. BALANCING, THE LINE GRAPH AND THE SPECTRAL GAP

Let Py be the path graph with vertices 1,..., N and edges ¢; = {7,i+1},1 <i < N —1; let
A(Py) be its adjacency matrix and L(Py) = diag(deg) — A(Py) its combinatorial Laplacian,
whose quadratic form is ¢ — Zfi}l(cl — CiH)Q. The line graph of Py, whose vertices are the
edges e1,...,en_1 with e; adjacent to e;11, is Py—1. Let D be the N x (N — 1) incidence
matrix with the consistent orientation, D,., = —1if v = ¢, Dye, = +1if v =7+ 1, and
D, ,; = 0 otherwise.

Lemma 4.1 (Incidence identity). L(Py) = DDT and D"D = 2Ixy_1 — A(Pn_1). The matriz
D has rank N — 1, the matriz DD is positive definite, and its spectrum, with multiplicities,
is the spectrum of L(Py) with the eigenvalue 0 removed. Consequently

)\1( ( )) =2- Amax(A(PNfl))y )\max(L(PN)) =2- )\min(A(PNfl))-

Proof. (DD")yy =", DyeDye equals the number of edges at v if v = w, equals (—1)(+1) = —1
if {v,w} is an edge, and vanishes otherwise; this is L(Py). (DTD).; = Y, DyeDyy equals 2
ife= f;if e =¢; and f = €;41 the only common vertex is ¢ + 1, which is the head of e; and
the tail of e;11, so the entry is (+1)(—1) = —1; and it vanishes if e and f are not adjacent.
Thus DD = 21 — A(Py_1). Next, DTc = 0 means c¢;1; = ¢; for all i, so ker DT consists
of the constant vectors and rank D = N — 1; hence ker(DDT) = ker DT is one-dimensional
and DD is positive definite. For any real matrix the nonzero eigenvalues of DDT and DD
coincide with multiplicities (they are the squares of the nonzero singular values of D); as DD
has exactly N — 1 nonzero eigenvalues counted with multiplicity, these are all the eigenvalues
of the (N — 1) x (N — 1) matrix DTD. The last two identities follow. O

Lemma 4.2 (Spectra of paths). (i) For M > 1 the eigenwalues of A(Py) are 2 cos(jm/(M+

1)), j=1,...,M, with eigenvectors v{) = (Sin(ijﬂ'/(M—i— 1)))?11; for 7 =1 the eigen-
vector is positive.

(ii) The eigenvalues of L(Py) are 2(1 — cos(jm/N)), j =0,...,N — 1, with eigenvectors
W) = (cos W)il In particular M\ (L(Py)) = 2(1 — cos(7/N)) is attained at ¢V,
which satisfies cg\lf)ﬂ_r = —cgl) and ), cgl) =0.

Proof. (i) With x; := ijm/(M +1) and y := jn /(M + 1), the identity sin(x; —y) +sin(z; +y) =
2sin x; cosy gives (Av(])) 1(7)1 + vl(+)1 = QCosyv(]) for 1 < i < M, and also for i = 1 and
i = M because sin(0) = 0 = sin(j7). The M numbers 2 cos(jm/(M + 1)) are distinct, so these

are all the eigenvalues, and U(l) = sin(in/(M + 1)) > 0.

(ii) With z, := (2r — 1)]77/(2]\7) and y := jn/N, the identity cos(x, — y) + cos(z, + y) =
2 cosx, cosy gives — ( ) 1+ 20(]) C(Ql =2(1— cosy)cgw]) for 1 <r < N. At r = 1 the row
of L(Py) is (1,-1,0,.. ) and the same identity applies because céj) = cos(—jm/2N) = cgj);
at r = N it applies because cg\],)ﬂ = cos(jm + jm/2N) = (—1) cos(jm/2N) = c%). The N
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eigenvalues 2(1 — cos(jr/N)), 0 < j < N — 1, are distinct, so the cU) form an eigenbasis.
Finally cg\}l_l_r = cos(m — %) = —csal), whence ), - O

Lemma 4.3 (Perron structure of the limiting system). Let N > 2 and let b = (by,...,bn—_1)
be given by by = 1, by a solution (be, ..., by,) of the limiting system with all b; > 0 when N > 4,
by the conventions by =0 (N =2), by =1 (N =3), and by b; = by_; forn <i < N—1. Then
b is a positive vector and

A(Pn—-1)b=byb.

Proof. Set by := by := 0, so that (A(Py-1)b); = bj—1 + biy1 for 1 <i < N —1. For N = 2
the graph P; has a single vertex, A(P;) = 0, b = (1) and by = 0. For N = 3, b = (1,1)
and A(Py)b = (1,1) = bob. Let N > 4, son > 2. For ¢ = 1: by + by = by = byby. For
2<i<n-—1: bj_1 + bjy1 = bab; is the first line of the limiting system. For ¢ = n: if N = 2n
then b,+1 = by_n—1 = bp—1 and the second line reads 2b,_1 = bob,; if N = 2n + 1 then
bn+1 = bny—_n—1 = by and the second line reads b,_1 + b, = bab,. For n < i < N — 1 we have
1 S N —1 S n and, by the symmetry bl == bN—i, bi,1 +bi+1 == bN—i—l—l +bN—i—1 == beN—i = bgbz
by the cases already treated. Positivity holds because by = 1 and b; > 0 for 2 < i < n. d

Proposition 4.4 (Closed form of the balancing constants). Let N > 2 and let d;[N] be the
limiting waist ratios of (B1), so that b;[N] = d;[N] in the notation of Theorem B, with d3[2] =0
and dq[3] = 1, extended by dy =1 and d; = dy—;. Then

sin(in/N)
sin(7/N)

bs[N] := do[N] = 2 cos % —dmax(A(Py_1)), M (L(Py)) =2 — ba[N].

d;[N] = (1<i<N-1),

In particular by[4] = /2 and by[5] = #

Proof. For N =2 and N = 3 the statements are immediate from A(P;) = 0 and spec A(Ps) =
{£1}. Let N > 4. By Lemma 4.3 the vector d = (di,...,dn_1) is a positive eigenvector of
A(Pn-1) with eigenvalue dy. The matrix A(Py_1) is nonnegative and irreducible, Py_1 being
connected, so by the Perron—Frobenius theorem it has, up to positive multiples, a unique
positive eigenvector, whose eigenvalue is the spectral radius Apax(A(Pn-1)). Hence dy =
Amax(A(Pn—1)) = 2cos(m/N) by Lemma 4.2(i) with M = N — 1, and d is the positive multiple
of (sin(m/N))i with first entry 1. The identity for A;(L(Py)) is Lemma 4.1. The special
values are 2cos(m/4) = v/2 and 2cos(m/5) = (1 +/5)/2. O

Corollary 4.5. For m > mg[N] the constants of (3.9) satisfy
B[N, k, €,m] — d;|N]| < % (1<i<N-1), 2-b[N,klm] > 1 —cos% >0,
m
and all b; lie in a compact subset of (0,00) depending only on N.

Proof. For N € {2,3} the constants are exact. For N =4 and N = 5 we have n = 2 and (3.9)
reduces to the single scalar equation b3 — 2 = —eby In by, respectively b3 — by — 1 = —eby In by,
with ¢ := 87/(kfm?); at € = 0 the roots are da[4] = v/2 and da[5] = 1+2\/5, and the derivatives
2v/2 and /5 are nonzero, so the implicit function theorem gives |by — d3[N]| = O(e) = O(m™2)
in both cases. Let now N > 6, let Ay (8) be the (n —1) x (n — 1) matrix of [25, (3.19)—(3.20)],
and put F(z) := An(z2)x —e; and G(z) := (z;lnx;)!, for = (x9,...,x,) with positive
entries. The limiting system is F'(z) = 0, and (3.9) is F'(z) + eG(x) = 0 with £ := 87/(kfm?).
By (B1), F(d) = 0 and dF(d) is invertible; the map H(z,¢) := F(x) + eG(x) is smooth near
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(d,0) with 9,H(d,0) = dF(d), so the implicit function theorem gives a smooth branch z(e)
of solutions with x(0) = d, unique in a neighbourhood of d, and |z(g) — d| < C[N]e for small
e. By (B2), b[N,k,£,m] = x(e) for m > mo[N], which gives the first estimate for 2 < i < n,
hence for all ¢ by the symmetry. Since 2 — da[N] = 2(1 — cos(n/N)) by Proposition 4.4, the
second estimate holds for m large, and the last statement follows from d;[N] > 0. O

Remark 4.6 (The heights form the Fiedler vector). With the consistent orientation, (Db), =
by—1 — by, and for the limiting ratios b; = sin(iw/N)/sin(7w/N) one computes

. (v=D)m .o (2v—1)7 (1)
(Db) sin Y~ — sin §F cos ot ey
Y sin & COS % CoS 5
N N N

Thus Db is the eigenvector of L(Py) = DD for its smallest nonzero eigenvalue, as it must
be: DDT(Db) = D(DTDb) = (2 — by)Db. In the linear model of the construction the vector
of heights of the tori is proportional to Db [25, (2.15)—(2.17)], so the stacking configuration is,
to leading order, the Fiedler vector of the chain. This is the geometric reason why the mode

which is constant on each torus is governed by the spectral gap and not by another eigenvalue
of L(PN) .

Remark 4.7 (Chebyshev polynomials). In [25, Lemma 3.18] the number d2[N] is characterised
as the largest root of a polynomial P, defined by the recursion Pj41(A) = AP;(\) — Pi—1()\)
with initial data Py = 2, P, = X for even N and P, = 1, P, = A — 1 for odd N [25, (3.22)-
(3.25)]. This is the Chebyshev recursion, and the substitution A = 2cosf gives P;(2cosf) =
2cos((i — 1)0) in the even case and P;(2cosf) = cos(@)/cosg in the odd case, as one
checks from 2cosfcosa = cos(a + ) + cos(a — 0) and the initial data. The largest root of
P, 41 is therefore 2 cosfy with 0y = 7/(2n) = /N for N = 2n and 6y = 7/(2n+ 1) = n/N for
N = 2n+1, in agreement with Proposition 4.4, which also explains the monotonicity of da[N]
in N observed in [25]. The closed form of all the ratios d;[N], and their interpretation as the
Perron vector of the line graph, do not seem to have been recorded before.

5. THE CHANNEL INEQUALITY AND THE CONDUCTANCES

Lemma 5.1 (Channel inequality). Let a > 0, let K, = [—a,a] x St with the flat metric
X = dt?> + db?, and let Ty = {t = +a}. For every f € H'(K,),
2 1 2w

avgp, f = By ; f(+£a,0)do,

/ \Vf2dtdsd > i(21\7g;1ﬂ+J“"—ang7 f)
Kq a

with equality if and only if f(t,0) = a+ Bt for constants «, 3.

Proof. Both sides are continuous on H'(K,), the traces on '+ being continuous, so it suffices
to consider smooth f. For each 6, f(a,0) — f(—a,8) = ffa frdt, so by the Cauchy—Schwarz
inequality

(Fla.0) — f(~a.0)* <20 [ fit.0)%at (5.)
With § := avgp, f —avgr_ f= % 027r(f(a, 0) — f(—a,0))dh, a second application gives
1 27
P <o /0 (F(a,0) — f(~a,0))* db. (5.2)

Combining, §* < & Ik, < Jx, IVf |2. Equality forces f; to be constant in ¢ for almost
every 0 (equality in (5.1)), f(a,0) — f(—a,0) to be constant in 6 (equality in (5.2)), and fy =0
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(equality in the last step); together these give f = a + ft. Conversely, for f = t/a one has
§=2and [|Vf?=a"? 2a-2r = (1/a)d>. O

Corollary 5.2. Let g be a metric on K, with (1 — ¢)p?
function p and some € € (0, 5] Then for every f € H'(K,

/ IVfIZdA, >
Ka

X < g < (1+¢e)p?xX for a positive
)

l—¢e =m 2
1+€'E<3Vgr+f—3wgr,f> .

Proof. By Lemma 3.11 the Dirichlet integral of g is at least i—jri times that of p?¥, which equals
that of ¥ by conformal invariance. O

The channel inequality plays the role that the capacity of a tunnel would play, but it is an
inequality for arbitrary H' functions with no condition on the boundary data, and it is sharp;
its conformal invariance is what allows the geometry of a tunnel to enter only through the
single number a.

Definition 5.3. We call 7/a the conductance of a channel of conformal length 2a, and for a
stacked Clifford torus of type (N, k,£,m), with £° and ¥ as in Definition 3.5, we set

ke
Cp=MT = m”, 1<i<N-1,
a; a;

the total conductance of the M tunnels joining the i-th and the (i + 1)-st tori.

The numbers a;, and hence the C;, depend on the parameters ¢ of the initial surface %9
witnessing Definition 3.5. Proposition 5.4 shows that this dependence affects C; only at relative
order O(m™2), uniformly for |(|,|¢] < ¢[N,k, {], so that all statements below are independent
of the choice.

Proposition 5.4. For m > mg and every 1 <i < N —1,
872 872 A2
1+0m?))=—(14+0m )= ———
s oV k] L TOMT)) = 5 (140 ™)) = -—

In particular C; is bounded above and below by positive constants depending only on N, the
total conductance is to leading order the same for all layers and independent of k, ¢ and m,

and Cy := 87%/(2 — by[N]) satisfies Cy = 8N? +O(1) as N — oc.

Proof. In (3.14) the terms (1, Inb;, ¢;/(kfm?) and In(1 + /1 —10062m?272) € [0,1n2] are
bounded by constants depending only on N,k.¢, so a; = Mm (2 — b2) + O(1), and since
2—by > 1—cos(n/N) by Corollary 4.5, a; = Mm (2—b2)(1+0(m=2)). Hence C; = kfm?r/a; =
8m2(2 — by) "Y1 + O(m™2)). Corollary 4. 5 glves 2 —by = (2= [N+ O(m™2)), and
2 — by[N] = 2(1 — cos(n/N)) by Proposmon 4.4. Finally 1—cos(m/N) = 50y — 570 + O(N )
gives Ciy = 8N2(1 — oy + O(N~4)) "1 =8N2 + O(1). O

Ci= (1+0(m™).

Remark 5.5 (The regime m > N). Our theorem is a fixed-N result and no uniformity in N
is claimed. For each fixed N, Proposition 4.4, Corollary 4.5 and (3.14) give

a; = R (1 — cos 1) m? + On .o(1) (m — o).

At N
Moreover,
ke T kil
E(l—cosﬁ) V2 (1+O0(N7?) (N — c0).
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Thus, at the level of the leading term, formally allowing N to vary suggests the joint long-neck
scale vkl m/N — oo. No estimate proved here is uniform in N, however, and in particular no
two-parameter error estimate in N and m is asserted. The limiting graph value 4 of Theorem
B is independent of N.

6. THE INVARIANT SECTOR

Throughout this section ¥ is a stacked Clifford torus of type (N, k,#¢,m) with m > my,
decomposed as in (3.28), and G = G[k, ¢, m]. Since every element of G preserves each side of
the tori, G acts on functions on ¥ by composition, and we set

HY(%)Y = {ue H'(S) :uog=uforalgeqg}.

The group G maps each toral region onto itself and permutes the tunnels of each layer among
themselves. Moreover every g € G carries the tunnel of the i-th layer over a removal point p
onto the tunnel of the same layer over gp by a map which, in the tunnel coordinates (3.15),
has the form (t,6) — (t,£60 + 6p): indeed, by the description of the action following (3.5), g
fixes the coordinate z and acts on (x,y) by an affine isometry whose linear part is diagonal
with entries +1, so that it preserves the height ziK + 7;t, hence ¢, and rotates or reflects the
polar angle 6 about the removal point. In particular a function which is constant on each toral
region and depends only on ¢ and on the layer in each tunnel is G-invariant. For v € H'(X)
we write

N N-1 M
Cj 1= avgyyj] U, d; := ¢cip1 — ¢, Eror == Z/ |Vul?, Eoun = Z Z/ |Vul?,
=17 7Tl i) v

all integrals being taken with respect to the area of ¥ unless a flat measure dxdy or dtdf is
indicated. Finally we set
~ O, M; k 1
Aj = |Tlj 9, := M; nR? Aji=A;+6; V=5 = L. < —
J ’T[]”? J jT ’ J J + R J 27.‘.2 oM 1007l — 10(()(73.‘.’1)
where M; = #7Z; € {M,2M} is the number of tunnels adjoining 7[j]; by (3.7), |P;| =
271'2(1 - 19]) and ®j = |Tﬂ \ PJ|

6.1. Areas.
Lemma 6.1. For m > mg, every tunnel half and every j,
K% = 7R* (14 0(m™2)) < 27R%,  A; = |P|(1+O(m™?)),
Zj = 27r2(1 + O(m*Q)), 72 < A; < gj < 3r°.

In particular, for each layer i, M\ICES)’i\ = tR2M (1 4+ O(m™2)): the halves of the tunnels of
one layer have, to leading order, exactly the area mR?>M removed from each of the two tori
they join.

Proof. In the model metric 72 cosh® ¢  the area of {0 < t < a;} is 2777 [3 cosh? t dt = 777 (a;+
sinh a; cosha;) = 7R?(tanha; + a; sech? a;), using 7;cosha; = R. Since a; > ecm? by (3.14)
and Corollary 4.5, and 1 — tanha < 2e72%, asech?a < 4ae™2?, this is 7R?(1 + O(m™?));
by (3.29) and Lemma 3.11 the area in ¥ differs from it by a factor 1 + O(m~2). Likewise
Aj = |Pj|(1 4+ O(m™2)) by (3.29). Since the discs B(p, R), p € Z;, are pairwise disjoint by
(3.8), |Pj| = 272 — M;wR?, so ﬁj =212+ 0(m™2)|Pj| = 27%(1 + O(m™2)). The bounds on A;
follow from +9; < 1/(1007) for m > my. O
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6.2. Poincaré and trace inequalities on the toral regions.

Lemma 6.2 (Uniform extension). Let Z = Z; and P = Pj be as in (3.6)~(3.7). There is a
linear operator E : H'(P) — HY(Tg) with Eu|lp = u, E(1) = 1, which commutes with the
action of G and satisfies

IVEul|p2(rq) < Al[Vullz2(p) for allu € H'(P),
with an absolute constant A.

Proof. For p € Z let B, := B(p, R) and A, := B(p,2R) \ B,. By (3.8) distinct points of Z are
at distance greater than 4R, so the discs B(p,2R) are pairwise disjoint and each annulus A,
is contained in P. Let ty(x) := p+ R?(x — p)/|z — p|? be the inversion in the circle dB,; it is
a conformal diffeomorphism of A, onto B, \ B(p, R/2) which is the identity on 0B, and its
Jacobian determinant on A, is (R/|x — p|)* < 1. Fix a smooth y : [0,00) — [0,1] with xy =0
on [0,3], x =1on [2,00) and |x/| <8, and put x,(z) := x(|z — p|/R) and @, = avg 4, u (with
respect to dx dy). Define

Eu:=wuon P, Eu = tp+xp- ((u—1up)oup) on By\B(p, R/2), Eu :=1u, on B(p,R/2).

The three definitions agree on the common boundaries, since ¢, is the identity and x, = 1 on

dB,, and X, = 0 on B(p, R/2); hence Eu € H'(Ty), E is linear, Eu|p = u and E(1) = 1.
Let w := (u—1up)ot, on B,\ B(p, R/2). By the conformal invariance of the Dirichlet integral,

[|Vuw|? = pr |Vul?; by the change of variables = 1,(y) and the bound on the Jacobian,

[w? < pr (u — 1ip)?; and by the Poincaré inequality on the annulus {R < |z — p| < 2R},
whose constant scales with R?, [ A, (u—1p,)? < CAR* [ A, |Vu|? with C4 the Poincaré constant
of {1 < |z| < 2}. Since |Vx,| < 8/R,

64

/ |VEu|* < 2/ Vw|* +2- — [ w? < (2+128 CA)/ |Vul?.
By R Ap

Summing over p € Z, the annuli being pairwise disjoint subsets of P, HVEUH%Q(TH) <3+

128 CA)HVUH%Q(P). Finally each g € G acts on Ty by an affine isometry with g(Z) = Z,

and g(Bp) = Bgp, §0tp = lgp© @, Xgp© 8 = Xp and anggp(u ogh) = avg 4, u; hence

E(uog™) = (Eu)og™. 0

Lemma 6.3 (Poincaré inequality on the perforated torus). Let P = P; and co := min(k, £)?/A2.
For every w € HY(P)Y,

/]Vw|2dxdy > com2/(w—avgpw)2dxdy.
P P

Proof. Replacing w by w — avgp w, which is still G-invariant and has the same gradient, we
may assume [pw = 0. Let W := Ew € H'(Tq)¥ and W := avgp, W. Since W = w on P and

[pw =0, |Ta| W = Jrg\p W, so by the Cauchy-Schwarz inequality \TﬁPWQ < |Ta\P| fg, W?,
that is |Tq| W< Y fTﬁ W?2. The function W — W has vanishing mean and is invariant under

the translations by (2X,0) and (0,2Y), hence descends to the torus R%/(2XZ x 2Y'Z), whose
Laplace eigenvalues are (mp/X)? 4 (mq/Y)? = 2m2(k?p? + 2¢?), p,q € Z; the variational
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characterisation of the first nonzero eigenvalue on that torus gives

[ 9w = 2minge 0P [ (W -7 = 2min(k, 02m? ([ W2 - 1/ 77)
Tq

Tq Ty

> 2min(k, 0)?*m*(1 —9;) [ W? > 2min(k, £)*m?*(1 — ﬁj)/ w?.
Tq P
With Lemma 6.2 and 2(1 — ;) > 1 this gives A? [, [Vw|? > min(k, £)*m? [, w? O

Corollary 6.4. There is ¢ = c[k,¢] > 0 such that for m > my, every j and every w €

HY(T15),
/ ' |Vw|? > cm2/ '(w—avgfr[j]w)%
7] T

Proof. Let w' be w transported to P; by the chart of (3.28); it is G-invariant. The mean
avgr(;) w minimises me (w — k)% over constants k. By (3.29) and Lemma 3.11, dA < (1 +

em) dxdy on T[j] and ij V') dx dy < 1tem I |Vw|?, so with Lemma 6.3

l—em

/ (w— aver) w)2 < / (w— avgp, w’)2 < (1+em) / (w' — avgp, w’)2 dx dy
71l 71l ’ P ’

J
1+em 1+em)? 4
o [ vwaay < 1 [ wep < o [ v,
com P; (1 — {:‘m) com T[j] com T[j}

the last step because e,, = 3m~2 < & for m > 3, whence (1 + &,,,)%/(1 — &,,) < §. This is the
claim with ¢ = ¢y /4. O

<

Lemma 6.5 (Aggregate trace estimate). There is K = K|k, (] such that for m > my, every j
and every u € HY(T[j])9,

2
Z(avgp u— cj) < K |Vul?, ¢j = avgy(j U,
T Tl

the sum running over the M; end circles I' of the tunnels adjoining Tj].

Proof. Let u' be u transported to P;. For p € Z; let V}, be the Voronoi cell of p with respect
to Z; in Tg. Since Zj is a lattice (Lo, L1, or Lo ULy), the cells V}, are translates of one convex
polygon and tile Ty with disjoint interiors; since distinct points of Z; are at distance at least
Y > 2R, the closed disc B(p, R) lies in the interior of V,,. Thus Q, := V},,\ B(p, R) is a Lipschitz
domain, all the @), are translates of one domain @), and after rescaling by m the domain
becomes one of two reference domains depending only on k£ and ¢. On a bounded Lipschitz
domain the trace theorem and the Poincaré inequality give, for the circle v = 0B(p, R) with

the mean taken with respect to the polar angle,

2
(avgvv —avgg, v) < Ko/ |Vo|? dx dy for all v € Hl(Qp),
Q

P

and both sides are invariant under dilations of the plane, so Ky = K[k, /] is independent of
m. By Convention 3.10, avgru = avg, u' for the end circle I' over p. Summing over p € Z;
and using (3.29) with Lemma 3.11,

2
Z(avg% u' —avegg, u’) < KO/P V! |2 dx dy < 3K, /7_[ '] |Vul?.
j j

P J
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On the other hand, by Jensen’s inequality |Qp|(angp u — cj)2 < pr (u' — ¢j)?, and |Q,| =
|P;|/M; > 7%/ (2kfm?), so by (3.29) and Corollary 6.4

2 2kém? kém? k¢
E (ang u’—cj> < m / (v —¢j)?dxdy < Sktm (u—c;)? < Skt |Vul?.
; ’ ™ Jp T w2 J7y

Since (z + y)? < 222 + 232, the lemma follows with K = 6Kq + 6k{/(12c). O

6.3. Mass on a channel. The following lemma is the only place where the geometry of a
tunnel enters beyond its conformal length. It is stated for an abstract channel, since it will be
used in that form in Theorem 6.11; the hypotheses are satisfied by the tunnels of a stacked
Clifford torus with p = 7;cosht and r = R, as verified in the proof of Proposition 6.12.

Lemma 6.6 (Mass on a channel) There is an absolute constant Cy with the following property.
Leta>1,7>0ande € (0,3], let p: [—a,a] — (0,00) satisfy

p(t) < 2re‘<“"t'> (It < a), (6.2)
and let g be a Riemannian metric on K, with (1 —¢€)p?X < g < (1 +¢€)p*Y and with |[K*|, <

2mr2, where Kt = {4+t > 0} and Ty := {t = +a}. Then for every u € H*(K,), writing
Uy = avgp, u and Ex = [ix [Vul?,

/ (u—ﬂi)Q §00T28i, ‘/ u? — "Ci‘ﬂi‘ < COT2<5i+’ﬂi|g:1t/2),
K* K*
all integrals and norms on the left being taken with respect to g. One may take Cy = 81.

Proof. We treat KT = {0 < t < a}, the other half being identical. By density we may take u
smooth. Put & := [, (uf +uj) dt df; by Lemma 3.11, the conformal invariance of the Dirichlet

integral in dimension two and % < 3, we have & < 3&,, and dA, < (14+e)p?dtdo < %pQ dt de.
By (6.2),

P’ < 4rle—2a—t) (0<t<a), /0 p2dt < 2r?. (6.3)

Interior. For each 6, (u(t,8) — u(a,0))* < (a —t) [ u?ds, so by (6.3) and Fubini,

/ (u(t,0) — u(a,ﬂ))gp2 dt < 4r2/ us(s, 0)? </ (a —t)e 2D dt) ds < 7“2/ us(s, 0)? ds,
0 0 0 0

because fooo oe 2 do = i.

Boundary. Let A :=[a —1,a] x S (recall @ > 1) and ii4 := avg 4 u with respect to dtdf),
and put v :=u—1ug4. Fort € [a—1,a], v(a,0) = v(t,0) +fta vs ds; integrating in ¢t over [a— 1, a]
and applying the Cauchy—Schwarz inequality, (a )2 <2 f v(t,0)?dt + 2 f L Us(s ,0)%ds.
Integrating in 6 and using the Poincaré inequality [, v* < [ | Vv]Q on the flat cylinder [0, 1] x
S!, whose first nonzero Neumann eigenvalue is 1, we obtain fo% (a 9) do <4 [, |Vul*dtdf <
4&y. Since 4 is the mean of u( fo (a,0) —uy)%do < f ,0)2do < 4&,.

Conclusion. By (z+y)? < 29: +2y the interior estimate 1ntegrated in @, and the boundary
estimate with (6.3),

a 21
/ (u— s )2p? dt do < 22y + 2(/ 2 dt) / (u(a,0) — uy)* do < 1872&,
K+

0 0
hence f,ﬁ (u — a4 )?dA < 27r2&y < 81r2E,. For the second inequality, expand u? = Uﬁ_ +
2ty (u — ty) + (u — %)% and estimate the middle term by the Cauchy-Schwarz inequality,
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: +1/2 2\1/2 . ols +11/2 20 \1/2 21= |el/2 : i
using [KCH[Y2 < (2mr?)1/2 < 3r: 2Jay| [KTV2(81r284) 7 < 54r?|uy €. Both inequalities
hold with Cy = 81. 0

6.4. The weighted graph model.

Definition 6.7. Let G = (V, E) be a finite connected graph without loops, with |V| > 2, each

edge e € E carrying an orientation with tail e~ and head e™. For weights A, > 0 (v € V') and
C.>0(e€E) set

2
(A, C) := min { Deen CelCer — ) . ce RV \ {0}, Z Aye, = 0} ;

A 2
ZUGV A”Ucv veV

the lowest Rayleigh quotient of G with vertex weights A, and edge weights C, on functions
orthogonal to the constants. The quotient does not depend on the choice of orientations.
The minimum exists, since the quotient is homogeneous and continuous on the unit sphere of
the hyperplane ), A,c, = 0, and it is positive: the numerator vanishes only on the constant

vectors, G being connected, and the only constant vector in that hyperplane is 0, since ) A, >
0.

For G = Py the path on V = {1,..., N}, with e¢; = {i,i + 1} oriented from i to i + 1, the
numerator is SN Ci(¢; — ¢i41)%; this is the case used in Theorems A and B.

Lemma 6.8 (Evaluation of the model). Let Ej and C; be as in (6.1) and Definition 5.3, and
let Oy = 872/(2 — ba[N]). Then, for m > mo,

w(A,C) = % M (L(PN)) (L +0(m™2)) =4(1+ O(m™?));

more precisely, writing ;fj = 21%(1 + o) and C; = Cn(1 + B;) with |oj|,|Bi| < n, one has
4(1 = 2n) < (A, C) < 4(1 + 4n) whenever n < =, so that in particular p(A,C) < 5 for
m > my.
Proof. By Proposition 4.4, A := A\ (L(Py)) = 2 — b3[N], so Cy\/(27?) = 4. By Lemma 6.1
and Proposition 5.4 the numbers a;, §; satisfy |a;l, |3i] <n:=Cm™2, and n < % for m > my.
Write ||| for the Euclidean norm, ¢ := N~! > ¢j, and note cTL(Py)e=Y(ci — civ1)?.
Lower bound. Let ¢ # 0 with 3 gjcj =0. Then > ;c; = =3 ajcj, 80 [ Y2 ¢j| < nvVN||c|
and Né2 < n?||c||?. Since ¢ — €1 is orthogonal to the constants, Lemma 4.2(ii) gives c' Lc =
(c—el)TL(c—e1) > Mc—cl||? = A(||c||? — N&?) > A(1 — n?)]|c||?>. Hence

LiGila—an)”  Onv(L=mMA =) (=m =) e sy gy

SA2 (it L+

Upper bound. Let ¢ := ¢(1) be the eigenvector of Lemma 4.2(ii), which satisfies 2 cg =0 and
COTL~CO = \||%)|?, and put ¢ := :/-il with =} Ajcg/ >_;Aj, sothat > Ajc; = 0. Since
> A;d) = 2m° > ajc) and > A > 212N (1 — 1), we have |k| < nvV/N||°||/(N(1 —n)) <
21||°||/v/N, hence x> > Aj <4’ N7Y|EP)1?2 - 272N (1 +n) < 127252(|c°||, and the differences
¢; — ¢i11 are those of ¢?. Since P Ajcjz =2 Aj(cg)2 — K2 45> 2m2(1 —n — 612) ||| >
272(1 — 2n)||c°||?, we obtain

_ 012
ALC) < ONOEMAILIE 1

= 4(1 + 4
S a o dE T Ty ST
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the last inequality because (1 +1n) < (1 +4n)(1 — 2n) for n < 5. Finally 4(1 + 4n) < 5 for

1< 16- O

6.5. Graph decompositions. We now isolate the properties of ¥ which the reduction uses.
All of them have been established above for stacked Clifford tori, and the verification is carried
out in the proof of Proposition 6.12.

Definition 6.9 (G-graph decomposition). Let (X, g) be a closed connected surface, G a finite
group of isometries of (3,¢), and G = (V, E) a finite connected graph without loops, with
|[V| > 2, each edge e € E carrying an orientation with tail e~ and head e*. Suppose given
integers M, > 1, real numbers a. > 1 and r. > 0, functions p. : [—a.,a.] — (0,00), and
constants ¢ € (0, %], n € [0,1], P > 0and K > 0. A G-graph decomposition of ¥ modelled on G,
with these data, consists of compact subsurfaces with boundary B, C 3 (v € V'), the blocks, and

ICgS) CX(e€ E,1<s< M), the channels, together with diffeomorphisms EES) Ky, — ICS),

subject to (D1)-(D6) below. We transport the coordinates (t,6) of K,, = [—ae,ac] x S! to
Kt by ¥ and write F( 4= = ¢l ({t +ac}) for the end circles, K = e£5>({it > 0}) for
the halves of a channel, and avgpru := % 027r u(£ae,0)dd for T' = Fg[, in accordance with

Convention 3.10.

(D1) Decomposition. The blocks and the channels have pairwise disjoint interiors and their
é)_ if v = e, equals I’gsi
if v = e, and is empty otherwise; and 9B, is the disjoint union of the end circles of
the channels of the edges incident to v.

(D2) Channels. For all e and s,

(1—e)p?x < ()9 < (1+2)p2% onKa,  pelt) < 2ree” @7 (Jt] < ap).
(D3) Symmetry. Every g € G maps each block B, onto itself and each channel ICES)
a channel ICESI) of the same edge, and in the channel coordinates g acts by (¢,0) —
(t,£0 + 6p) for some 6y € R and some choice of sign.

(D4) Areas. Writing A, := |B,|, one has | |IC (), i — mr2| < prr? for all e, all s and both
sagns and, setting ©, := ) ., M, 7r2, the sum being over the edges incident to v, and
AU := A, + O,, one has 0, < 1A

(D5) Poincaré inequality on the blocks For every v € V and every G-invariant w € H'(13,),
s, (w —avgg, w)2 < P[5 [Vw].

(D6) Aggregate trace inequality on the blocks. For every v € V and every G-invariant u €

union is Y; distinct channels are disjoint; ICé N B, equals T’

onto

HY(By), > r(avgru — avgg, u)2 < Kva |Vu|?, the sum running over the end circles
I' C 0B,.

We further set
M
C, = eﬂ, a:= g Merz, b:= E Mel/27“g, €= § Me_l/Q, (6.4)

eck eck eckE

and we call

Hi=e+n+P+b+c (6.5)
the defect of the decomposition.
Remark 6.10. Two consequences of (D3) will be used. First, a function which is constant

on each block and which, on the channels of each edge e, depends only on t, is G-invariant.
Second, the restriction to a block of a G-invariant function on ¥ is G-invariant, so that (D5)
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and (D6) apply to it. Note that (D3) does not require G to act transitively on the channels of
an edge, and that no hypothesis is made on the metric of the blocks beyond (D4)—(D6).

6.6. The reduction theorem.

Theorem 6.11 (Reduction of the invariant sector). Let (X, g) carry a G-graph decomposition
modelled on G = (V, E) as in Definition 6.9, with defect =, and set
ag = irg‘r/l Ay, ay = Iz?ea\i(AU’ c = Igleagc Ce.

There are constants C* > 0 and Z¢ > 0, depending only on |V|, |E|, ag, a1, ¢1 and K, such
that if = < =g then

’ min{R(u) cwe HY(D)9\ {0}, fou= o} — (A, 0) ‘ < C* = (6.6)

If moreover ¥ C S? is a closed embedded minimal surface, G < O(4) is generated by reflections
in great spheres, and ,u,(;f, C) > 24+ C*Z, then \1(X) = 2. Inspection of the proof shows that C*
may be taken nondecreasing in ay, c1 and K and nonincreasing in ag, and Zy with the opposite
monotonicity, so that in applications it suffices to have a positive lower bound for the gv and
upper bounds for the gv, the C. and K.

Proof. Throughout the proof C' denotes a positive constant depending only on |V, |E|, ao, a1,
c1 and K, which may change from line to line; for the duration of this proof this supersedes
Convention 1.1. We write p := u(A4, C), & i= 3, Jg, [Vul? and Ea, = 3. 37 [io [Vul? for
the block and channel parts of the Dirichlet energy of a function w. )

Preliminaries. Every edge is incident to exactly two vertices, so ) 0, = 2ma; with ©, <
%ﬁv this gives

a<—ZA |V‘a1, A, > 1A, >

l\.’)\»—l

3 21> ) Ay > §[V]ao, (6.7)

1/2

and, since 1 < M.'" < M., also max.r? < b < a. Next,

B 8c1|E|a?

—_— L 3
)

Indeed, fix v9 € V, put Ky = fTvo/Zw /Tw and ¢ := 1,, — Kol, so that ) ﬁvcv =0
and ¢ # 0; the numerator in Definition 6.7 is } 5, Ce < 2c1|E|, while, using 1 — ko =

> wetve Zw/zw Ay > W > 54, the denominator is at least Ay, (1 — k)2 > ay/(4a?).

Finally, by (D2) and |IC§S) < (1 +n)wr? < 2772, Lemma 6.6 applies on every channel with
4= Qe, T =Te, p= Pe; and Corollary 5.2 applies on every channel and gives, for u € H'(X),

(6.8)

e

s
/IC(S) |Vu? > (1—2¢) - 62, ds := AVEr(s) U = AVEr(s) Uy (6.9)

since T > 1 — 2e. We shall also use l—fa <144 <3fore< %, and we agree that =y < 1,

so that Z? < = whenever = < 5.

Upper bound. Let ¢ € RV realise y, normalised by Y, Ay =1, so that |e,| < Ay

ag ~1/2, ; put de := Co+ — Co—, s0 that >, Ced? = p and |de| < 2a, 12 Define u := ¢, on B, and,

on each channel of the edge e in its coordinates (t,6),

- de t
u(t,0) = ST 4 e

1/2

Qe
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Then u = c.+ on {t = +a.}, so u is continuous and piecewise smooth, hence in H(); it is

/

G-invariant by Remark 6.10; |u| < aal % and AVEL(s) U= Cot.
e, -

On a channel of e the Dirichlet integral of u with respect to X is (de/2ae)?- 2a. - 27 = 7d?/ae,
so by (D2), Lemma 3.11 and the conformal invariance of the Dirichlet integral in dimension two,
the energy & of u on that channel satisfies (1 — 2¢)wd?/a. < & < (1 + 4e)nd?/a. < 37d?/ae,
whence, summing over s and over e,

)/ IVul? - u‘ <de) Cedl =4dep <dpe, > £ <3C.dl<C. (6.10)
by e S

By Lemma 6.6 with @+ = ¢+, then summing over s and using 25(53)1/2 < Mém(zs ENV? <
M together with (D4),

‘Z /’C(S) u? — Mem“g (ci + cng)
s e

Since va u? = Aycl and Yo, Memr2 (2 4+ 2) = 3, O,uc2, summing over e and using (6.7)

gives
2 2 T2
‘ u —1‘:’/u —ZAUCU
/E X "

Likewise, by the first inequality of Lemma 6.6 and the Cauchy—Schwarz inequality, ‘ ! (o) (u—

cei)} < |K§s)’i|1/2(001"g€§t)1/2 < 303/27“3(5;':)1/2, so that, summing over s as before,

’Z /IC<S) U — Mem"g (cef + ce+)
s e

since va u= Ay, and ), Aycy = 0,

fol=[fo- T

Let w := u — |S|7! [fu. Then w € H'(X)Y, [w =0, [;|Vw* = [ [Vu|?, and by (6.7),
(6.11) and (6.12), [rw? = [yu? — |S[7'(fyu)? > 1 — CE. Choosing Zy small enough that
CZy < 3 we get [pw?> 1, sow#0, and with (6.10),

< C(nMerz + Mel/zrz).

< C(na+b) < CE. (6.11)

< Oyt + M22),

< C(na+1b) < CE. (6.12)

=

min{R(u) 1w € H'(Z)9\ {0}, fyu=0} < R(w) < 45 < p+CE.

Lower bound. Let u € H* ()Y with [yu =0 and [;u? =1, and put € := [, |Vu|> = R(u).
If £ > i then &€ > p > p— C*=2 and there is nothing to prove; so assume & < . Set
¢y = avgg u and de := Ce+ — C.—. By Jensen’s inequality Y., Ayc? < >, va u? < 1, so by
(6.7) Jeo] < A" < (2/a0)V2, |de| < 2(2/ap)V/? and X, d2 < 8|E|/ap.

Step 1: energy. For a channel ICgS) set (55? = avg(s) U — Cex, so that ds of (6.9) equals
e,

de + 55:9) — 5. By (D6), applied to u|g, _ and to u|g_, and legitimate by Remark 6.10,

S (69) < K/ Vul? < K€ < Ki,  hence Y (6% — 6)% < 4K&u.  (6.13)

s et s
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By the Cauchy-Schwarz inequality and 2zy < 2?2 + 2,
Me
Med? — M} (d2 + 4K&pn) < 02 < 2Med? + 8KEpy,

so that, multiplying by 7/a. = Ce/M, and using (6.9),

C, 8KC.E

2 S 2 2 B 2 eChlk |

§S /}C o IVl 2 Cedi = 5 (d2 + 4KE) — 22 (2C.d? + DR )
Summing over e and using € > Eu, Epie < i, Y., d2 < 8|E|/ag, Ce < c¢1 and M, > 1,

£ > Cedl—Clc+e) = ) Ced?—CE. (6.14)
eckE eckE

Step 2: mass. By (D5), since ¢, is the mean of u on B,,

/ u? = Avcg + / (u—cy)? < AUCZ +P |Vu|?
v v B'U

On the channels of e, Lemma 6.6 gives, with ui) =cC.t + 6§[) and & the energy of u on IC( )

S [ = (IO e @)2) 4 Cor? 3 Car 3 (e
s K s s

S

By (6.13), Zs(ﬂgf))Q < 2Mec?, + 2K < CM,, whence by (D4) and the Cauchy-Schwarz
inequality

ZUCS):I:‘ 1+77)7rr <Mcei+2\6 ¢|M1/2( ﬂ)1/2—|-Kﬁ)
< MemrZc?e + C(nMer? + M2,

while Cor2Y" & < Cojir? and, again by Cauchy-Schwarz, Cor? ", (\u | + ] |) &1 <
Cor2(CM)'\2al/? < C MM 2 r7. Summing over e and v and using ), Mem“e(ce, +c2) =
>, Ouc2, € < i and (6.7),

1:/u2 < ZAC +Pa+ C(na+0b) ZAC + C=. (6.15)
b
Step 3: mean. By the first inequality of Lemma 6.6 and Cauchy—Schwarz, | | K(S),i i

303/2r2(83i)1/2, so that ZSU’C(S),i(u - a(;))] < 303/27“2M61/2ﬂ1/2; moreover, by (D4), (6.13)
and Y (a}))? < C ML,

‘Z’Kf)’ﬂﬂ(f) - Meﬂ'T‘gCei
S

< WTE‘Z 5?‘ + nrr? Z]aﬁi)] < C’(Melﬁrg + T]Merz).
S S
Since va u = Aycy, summing over e and v gives

Y| = [u-Y e
v Y v

< C(na+b) < CE. (6.16)
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Step 4: conclusion. Put k := ), gvcv/zv A,, so that |k| < CZ/(|V]ag) by (6.16), and
c :==c— k1. Then ), A,d, = 0, the differences c,, —c,_ = d. are unchanged, and by (6.15)

e

S A=) Al -r*> A, > 1-CE-CE* > 1-CE

By Definition 6.7, >, Ced? > 3", A,(¢)?, an inequality which holds trivially if ¢ = 0; hence
>, Ced? > p(1 — CZ) > p — CpE=, which with (6.14) gives £ > p — CZ. Together with the
upper bound this proves (6.6).

The last assertion. By Lemma 2.1, A;(X) < 2. Suppose A\1(X) < 2 and let u be a first
eigenfunction. By Lemma 2.2, u is G-invariant; since also [cu = 0 and u # 0, (6.6) gives

2> A(Z) = R(u) > (A, C) — C*E > 2, a contradiction. Hence A;(X) = 2. O

6.7. Reduction of the invariant sector to the path graph.

Proposition 6.12. For m > my,
‘ min{R(u) cuwe HY(D)9\ {0}, fu= o} — (A, 0) ‘ <o
for a constant C* = C*[N, k,(].

Proof. We verify the hypotheses of Definition 6.9 for > and then apply Theorem 6.11. We take
for G the path Py on V = {1,..., N}, with the edge e; = {i,7 + 1} oriented from i to i + 1,
and we set

By =T, K=Kk, M, :=M=kim?,

Qe, 1= a4, re, '= R, Pe;(t) := T;cosht,

(3

with ¢ := &, = 3m~2 and with the coordinates, end circles and halves of (3.28).

(D1). This is the decomposition (3.28): the pieces have pairwise disjoint interiors, the
g
Fl(sl By Lemma 3.3 and (3.7), 9T [;] is the disjoint union of the M; circles lying over 0B(p, R),
p € Zj, that is of the end circles of the tunnels adjoining 7 [j].

(D2). The two-sided bound is the first line of (3.29), and &, < 3 for m > mo. Since
Ticosha; = R by (3.13) we have 7; < 2Re™ %, whence p,, (t) = 7; cosht < reltl < 2Re—(ai=lt),
Finally a; > 1 for m > my, by (3.14) and Corollary 4.5.

(D3) is the statement established at the beginning of this section.

(D4). By Lemma 6.1, \Kgs)’i\ =7R*(1+ 0O(m™2%)),s0on = Cm=2 < 1 for m > my. The
vertex j is incident to one edge if j € {1, N} and to two otherwise, so Zeaj M.mR? = M;nR?,
which is the quantity ©; of (6.1); hence A;, ©; and ﬁj are those of (6.1). By (6.1) and Lemma
6.1, 0; = 27%9; < /50 < in? < 1A,

(D5) is Corollary 6.4, with P = 1/(cm?) and ¢ = c[k, 4.

(D6) is Lemma 6.5, with K = K[k, £].

The conductance C., = Mm/a; is the C; of Definition 5.3, and the weighted graph of
Definition 6.7 is the weighted path occurring in Lemma 6.8, so that u(ﬁ, C) is the same
quantity in both statements. By Lemma 6.1 we have 72 < ag < a1 < 372, and ¢; < C[N] by
Proposition 5.4; these bounds, together with |V| = N, |E| = N — 1 and K = K[k, ¢], depend
only on N, k and ¢, so the constants C* and Zg of Theorem 6.11 do as well. Finally ¢, n and

tunnels are pairwise disjoint, and K"’ meets 7 [i] exactly along Fz(sl and T[i + 1] exactly along
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P are O(m~2), while, by (3.4),

N — 1)VEkl
b=(N—-1)M/?R? = M, c=(N-1)M

Vkim'

so that = = O(m™!) with a constant depending only on N, k,£. Enlarging mg so that = < =,
Theorem 6.11 gives the assertion. O

Remark 6.13. The weights Zj = A;+0; are the areas of the tori before the discs are removed.
Steps 2 and 3 in the proof of Theorem 6.11, and the corresponding computations in its upper
bound, show that, to the order O(m™1), the halves of the tunnels restore exactly the removed
discs, both in the L? norm and in the mean; no term of the size 9 of the removed area survives.
This is what makes the reduction two-sided with error O(m~!) and is used in Theorem B; for
Theorem A alone a one-sided bound with a loss of order ¥J; would suffice.

7. PROOFS OF THEOREMS A AND B

Proof of Theorem B. Part (i) is Proposition 4.4. Part (ii): the first identity is Proposition 5.4;
the identity Cy A1 (L(Py))/(27%) = 4 is the computation

Cn 1 8

N AL(PY)) = — - — (2

22 MLIPN)) = 5 2 — by[N] (
in which Ai(L(Py)) = 2 — b[N] is Lemma 4.1 together with the identification be[N] =
Amax(A(Py_1)) of Proposition 4.4; the evaluation u(A4,C) = 4 + O(m~2) is Lemma 6.8. Part
(iii) follows from A1 (L(Py)) = 2(1 —cos(n/N)) = m?N~2 — %N‘4 +O(N~5) and from Propo-
sition 5.4. O

— bo[N]) =4,

Proof of Theorem A. By Lemma 2.1, A;(X) < 2. Suppose A\;(X) < 2 and let u be a first
eigenfunction. The surface ¥ is closed, embedded, minimal and G-invariant, and G is generated
by reflections in great spheres by Lemma 3.1; hence Lemma 2.2 gives u € H'(X)Y, while
Jsu=0and R(u) = A\;(¥) < 2. On the other hand, by Proposition 6.12 and Lemma 6.8, for
m > mo[N, k, {] every G-invariant function with vanishing mean satisfies

R(u) > wu(A,C) - > 4(1-Cm™?) - > 3,
a contradiction. Hence A\;(X) = 2.

For the second assertion, note that the Laplacian of ¥ commutes with the isometric action
of G, so the closed subspace LQ(E)Q of G-invariant functions is spanned by G-invariant eigen-
functions, and the smallest nonzero eigenvalue occurring there is min{R(u) : u € H' ()9 \
{0}, fzu = 0} by the variational characterisation applied in that subspace, the kernel be-
ing spanned by the constants. By Proposition 6.12 and Lemma 6.8 this minimum equals
w(A,C)+O0(m™1) =4+ 0(m™1).

Finally, by Corollary 3.8 every surface produced by [25, Theorem 6.50] with m > myg is a
stacked Clifford torus of type (N, k, ¢, m), after mo has been enlarged to exceed the threshold
of that corollary; hence Yau’s conjecture holds for all these surfaces. ([l

Remark 7.1. The proof uses about the symmetry group only that it is generated by reflections
in great spheres, that it preserves each torus, and that it acts on functions without sign.
Whether or not ¥ admits further isometries exchanging the two sides of T, which for k& # £
it does not [25, Remark 1.2] and for & = ¢ is not decided in [25], plays no role; in particular
the argument is the same for all N > 2. The restrictions of the coordinate functions of R*
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are eigenfunctions with eigenvalue 2 and are not G-invariant, in accordance with the value
44+ O(m™1) of the invariant sector.

8. THE BALANCING—SPECTRUM IDENTITY

8.1. The mechanism. Consider a chain of N tori of area 272 joined by families of tunnels
of total conductance C. The mode which is constant on each torus has Rayleigh quotient
%Al(L(PN)) ~ %7‘(’2]\7_2. Were C' bounded independently of IV, this would tend to 0
and, by Lemma 2.1, long chains would violate Yau’s conjecture. What excludes this is the
balancing. The linearised balancing system says that the vector of waist ratios is a positive
eigenvector of A(Py_1) with eigenvalue b2, hence its Perron vector (Lemma 4.3, Proposition
4.4); the incidence identity (Lemma 4.1) makes the spectral gap of the chain equal to 2 — by;
and the conformal length (3.14) of the tunnels is proportional to 2 — by, so their conductance
is proportional to (2 — by)~!. The cancellation is exact for every N and requires no evaluation
of be. Equivalently, at the level of the limiting formulas, increasing N decreases 2 — bo[N] and
hence increases the basic waist scale: in this sense the necks of a longer chain are forced to
be fatter, by exactly the amount responsible for the cancellation. Remark 4.6 adds that the
vector of heights of the tori is the Fiedler vector of Py, which is why the mode governed by
the gap, and not another block-constant mode, is the one realised by the configuration.

8.2. The constant 4.

Remark 8.1. The surviving constant is the coefficient of the Jacobi operator (1.2), and this
has a direct explanation at the level of the linearised equation which does not pass through
the balancing conditions; we describe it informally, and it is not used in the proofs. Away
from the waists, each torus of ¥ is a normal graph over a parallel torus of a function solving
the linearised minimal surface equation Jre = Ap + 49 = 0 to leading order, and so are
the ends of the tunnels. Thus, at a formal level and away from the waist regions, the normal
coordinate of 3 with respect to T is governed to leading order by Au + 4u = 0, suggesting
the limiting value R(u) — 4 = |A|?> + Ric(v,v). The same explanation applies to doublings,
where the corresponding mode is odd for the side-exchanging involution, and to doublings of
the equatorial two-sphere, where the analogous constant is |A|> + Ric(v,v) =0+ 2 = 2 and is
realised exactly by the coordinate function vanishing on the base sphere. What Sections 4-6
add is that the value 4 is attained, for every N, by the mode governed by the spectral gap
of the chain, which is the statement needed for Theorem A: a mode with quotient close to 4
would not by itself exclude lower block-constant modes in a long chain.

8.3. Trees. The identity A\ (L(Py)) = 2 — Amax(A(Pn—1)) is a property of paths. We record
the general statement.

Proposition 8.2. Let T be a finite tree with at least one edge, L(T') its combinatorial Laplacian
and Line(T) its line graph. Then

M (L(T)) = 2 + Amin (A(Line(7))), Amax (L(T)) = 2 + Amax (A(Line(T))),
and A\ (L(T)) = 2 — Anax(A(Line(T"))) holds if and only if T is a path.

Proof. Let |D| be the unsigned |V| x |E| incidence matrix of 7. Then |D||D|T = diag(deg) +
A(T) =: Q(T) is the signless Laplacian and |D|T|D| = 2I 4+ A(Line(T)), by the same entry
computation as in Lemma 4.1 but without signs. Since T is bipartite, with parts Vi U Vs, the
diagonal matrix S with entries +1 on V; and —1 on V3 satisfies SA(T)S = —A(T), because
every edge joins Vj to Va; hence SQ(T)S = L(T) and Q(T') and L(T) have the same spectrum
(see [4] for these standard facts). As T is connected, ker L(7T') is one-dimensional, so Q(T')
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has exactly |V| —1 = |E| nonzero eigenvalues counted with multiplicity; these are the nonzero
eigenvalues of |D|T|D|, an |E| x | E| matrix, which therefore has no zero eigenvalue. Thus the
spectrum of 2/ + A(Line(7")) is the spectrum of L(T") with 0 removed, which gives the two
identities.

For the last statement, the identity in question holds if and only if Apin(A(Line(7))) =
—Amax(A(Line(T))). We use the following classical fact: for a connected graph H with ad-
jacency matrix A and spectral radius p, the number —p is an eigenvalue of A if and only
if H is bipartite. Indeed, if Av = —pv with v # 0, then p|v| = |Av| < A|v| entrywise, so
(Alv|, |v]) > pllv||? and |v| maximises the Rayleigh quotient of A; hence A|v| = p|v], |v] is the
Perron vector, which is positive since A is irreducible, and equality |Av| = A|v| forces, for
every vertex ¢, all v; with j ~ ¢ to have the common sign —sgnwv;. Thus sgnv is a proper
2-colouring of H. Conversely, if H is bipartite with Perron vector w and S is the sign matrix
of the bipartition, then A(Sw) = —SAw = —p Sw. Now the line graph of a connected graph
is connected. If some vertex of T" has degree at least 3, three edges at that vertex are pairwise
adjacent and form a triangle in Line(7T'), which is then not bipartite, and the identity fails. If
every vertex of 1" has degree at most 2, then 7', being a connected tree, is a path Py, and
Line(Py) = Pn—_1 is bipartite, so the identity holds. Hence the identity holds exactly when T
is a path. O

The algebraic content of the mechanism of Theorem B is the following statement about the
operator DT D of a tree. As the proof records, L(T) = D,D/ for every orientation ¢; we write
AM(L(T)) and A\pax(L(T)) for its smallest nonzero and its largest eigenvalue.

Proposition 8.3 (The balancing operator of a tree). Let T be a finite tree with n > 2 vertices
and edge set E, let o be an orientation of its edges, let D, be the corresponding incidence
matriz as in Section 4, and set Ay := 21 — D;DU, so that (As)ee = 0, while for e # f one has
(As)er =0 ife and f are not adjacent and, if they meet at a vertex v, (Ag)ey = +1 if v is the
head of one of them and the tail of the other, and (Ay)er = —1 otherwise. Then:

(i) DID, is positive definite and its spectrum, with multiplicities, is the spectrum of L(T)
with the eigenvalue 0 removed; in particular every eigenvalue k of D} D, satisfies k >
A(L(T)).

(ii) Ay has nonnegative entries if and only if T is a path and o orients it consistently, and
in that case Ay = A(Line(T)).

(iii) If A, has nonnegative entries and some T € R¥ with positive entries satisfies D} Dy =
KT, then k = A\ (L(T)) and T is a positive multiple of the Perron vector of A(Line(T)).

(iv) For the star T = K3 with all three edges oriented away from the centre one has
DD, = 2I + A(K3), whose spectrum is {4,1,1}; its eigenvectors with positive entries
are exactly the positive multiples of (1,1,1), and the corresponding eigenvalue is k =
4= Amax(L(Kl,i’)))-

Proof. The entries of D! D, are computed as in Lemma 4.1: (DI D,).. = 2, while for e # f
meeting at v the only nonzero term of ), DyeD, is the one at w = v, which equals —1 if v
is the head of one of e, f and the tail of the other and +1 if it is the head of both or the tail
of both; this gives the stated form of A,. Likewise (DyD]),, equals the degree of v if v = w,
equals (+1)(—1) = —1 if {v,w} is an edge and vanishes otherwise, whatever the orientation;
so DyDI = L(T).

(i) Since T is connected, ker DI consists of the constant vectors, so rank Dy =n — 1 = |E|
and the |E| x |E| matrix D] D, is positive definite. The nonzero eigenvalues of D, D} and
DI D, coincide with multiplicities, and L(T) has exactly n — 1 = |E| of them; these are
therefore all the eigenvalues of D] D,.
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(ii) Suppose A, > 0 entrywise. If some vertex v had degree at least 3, then among three
edges at v two would be both incoming or both outgoing at v, and the corresponding entry
of A, would be —1. Hence every vertex of T has degree at most 2, and 7', being a connected
tree, is a path; and each vertex of degree 2 must be the head of one of the two edges meeting
there and the tail of the other, so ¢ orients the path consistently. Conversely, for a consistently
oriented path every pair of adjacent edges meets at a vertex which is the head of one and the
tail of the other, so (As)es = 1 exactly when e and f are adjacent, that is A, = A(Line(T)).

(iii) By (ii), A, = A(Line(T')) with Line(T") = P,_1, which is connected, so A, is nonnegative
and irreducible. From D! D,7 = k7 we get A,7 = (2 — k)7 with 7 > 0, so by the Perron-
Frobenius theorem 7 is, up to a positive multiple, the Perron vector and 2 — kK = Apax(As).
Hence  is the smallest eigenvalue of D] D, which is A (L(T)) by (i).

(iv) The centre is the tail of all three edges, so (A,)cy = —1 for every pair of distinct edges,
that is A, = —A(K3) and D] D, = 21+ A(K3). The spectrum of A(K3) is {2, —1, —1}, whence
the spectrum {4,1,1}; the eigenspace for 4 is spanned by (1,1,1), while the eigenspace for 1
consists of the vectors with vanishing sum, none of which has positive entries. Finally the
spectrum of L(K; 3) is {0,1,1,4}, s0 Amax(L(K13)) = 4. O

Remark 8.4. Proposition 8.2 delimits the reach of the mechanism of Theorem B, and Propo-
sition 8.3 isolates its algebraic core. In the linear model which produced (3.9), blocks v of a
base surface with Jacobi constant ¢ and area |X| carry heights h,, necks e carry waists 7. and
a common leading conformal length a, and the two balancing relations read q|Xo|h = 20 M D,7
and D] h = 2at, where D, is the incidence matrix of T' with each edge oriented from the lower
to the upper block, as in Lemma 4.1 for the chain. Hence DI D,7 = k7 with x = ¢|Xo|a/(mM),
the total conductance is C' = M7 /a = q|X|/k, and the lowest block-constant Rayleigh quo-
tient is ¢ A1 (L(T))/k. Now Proposition 8.3(ii)—(iii) applies: the matrix A, = 2I — DI D, has
nonnegative entries exactly when every block has at most one neighbour on each side, that is
when T is a path traversed consistently; then the positivity of 7 forces kK = A1 (L(T)), and the
quotient is gq. For a star with three blocks on the same side of the centre one finds instead, by
Proposition 8.3(iv), k = 4 = Amax(L(K13)) and the quotient gA1/Amax = ¢/4, which for the
Clifford torus is 1 < 2; such a configuration is of course not realisable by parallel tori. The
exact cancellation is therefore an intrinsically one-dimensional phenomenon.

Problem 8.5. Let a closed embedded minimal surface be produced by gluing congruent blocks
of a base surface ¥ with constant ¢ = |A|? + Ric(v, v) along the edges of a finite graph G, the
waist parameters being determined by linearised balancing conditions. Is the lowest Rayleigh
quotient of the block-constant modes always ¢ A\1(L(G))/k + o(1), with k the eigenvalue of
the balancing vector as in Remark 8.4, and for which graphs G and sign structures can such
surfaces exist? The desingularisations of intersecting Clifford tori of [15], in which several sheets
meet along a common locus, are natural test cases; for several of these families the surfaces
are determined by their symmetries and topology [14], so that the combinatorial datum G is
intrinsic.

8.4. First eigenfunctions. Yau’s conjecture implies through [21] that a minimal embedding
of a closed surface in S? is by first eigenfunctions, and hence area bounds of the type of
[26]. Theorem A places the surfaces of [25] among the known minimal embeddings by first
eigenfunctions, a class enlarged considerably by the equivariant eigenvalue optimisation of [18]
and by [19]. Our argument gives the eigenvalue but not the eigenspace.

Problem 8.6. Is the first eigenspace of a stacked Clifford torus spanned by the restrictions of
the coordinate functions of R*?
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The argument of Section 6 shows that no G-invariant first eigenfunction exists; a positive

answer would require controlling the sectors of the other irreducible representations of G, on
which the reflection lemma gives no information.
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